Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



m 
4 ■ 



IN PREPARATION. 
i Vtdfvrm wUh Mr. Bwif's " Modem SdenUfic Chemistry** 

ZOOLOGY AND COMPARATIYE ANATOMY. 



By W. H. ALLCHIN, 

UNIVERSITY OOLLEQE, LONDON. 



IThis book is intended to supply a want felt generally, and 
especially by candidates for degrees at the University 
'Ataminations. 

.' Hie characters of the various classes of animals will be 
imded of with especial reference to their zoological importance. 

..QfiOOMBBIDOE & SONS, 5, Patebnosteb Row, London. 

ALSO IN PREPARATION. 
XMform wifh Mr, Baflrff*8 "Modem Sdentific Chemistry" 

-A.N INTRODUCTION 

TO 

THE SCIENCE OF HEAT. 

By T. a. ORME, 
Tmeher of Chemistry and Experimental Physics, University 

College School, London. 



The subject will be so treated as to render it intelligible to 
all who have a knowledge of arithmetic, and special attention 
Hill be paid to those parts of the science which are practically 
naoftil. 



GBOOMBRIDaE & SONS, 5, Patebnosteb Row, Loia>ON. 




-tfl'.. 



I 



AN ELEMENTARY COURSE 



OF 



THEOEETICAL AND APPLIED MECHANICS. 



ELEMENTAEY COUESE 
THEOEETICAL AND APPLIED 

MECHANICS -"^^^^^ 




CANDIDATES FOE UNIVEESITT AND OTHES 

EXAMINATIONS. 



RICHARD WOSMELL, M.A., B.Sc, 



Second Eflitimi. 



TjONTtON: 

QEOOMBBIDGB AND SONS, 6, PATEEN08TEE I 



[ The rijftt of Tromlattoft is <f e«en;ea.I\ 



/• 



LONDON : 
B. BARBBTT AND SONS, PBINTERS, 
HABK LANE. 



PREFACE. 



This Introduction to the Study of Theoretical and 
Applied Mechanics contains exact but simple demon- 
strations of all the propositions usually giyen in similar 
elementary treatises, with numerous experimental illus- 
trations and practical applications. It is divided into 
sections, which are to a great extent independent. 
Each section is followed by a collection of examples, 
either original or taken from examination papers. 

It is not necessary that all the chapters should be 
taken in order ; students reading for the First Exami- 
nation for B.Sc. of the London Uniyersity may omit 
Chapter XII. in Statics, and sections 8 to 11, 16, 17, 
23 to 30, 41 to 44, and 51 to 62 in Dynamics ; but 
these parts are required for the Second Examination 
for B.A. and B.Sc. 

The methods adopted in some parts of the work are 
different from those of other similar treatises ; for 
instance, the fundamental propositions on the Centre 
of Qrayity are based on the principle of limita\ «xA\:s^ 
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the propositions on Motion the relations hetween the 
variable elements have been expressed geometrically^ 
so that the demonstrations in Dynamics, as well as in 
Statics, are geometrical rather than algebraical. 

Although the work is specially adapted to the curri- 
cnlam of the University of London, the author has 
endeavoured to make it a useful text-book for schools 
generally, and for students preparing for other exami- 
nations. 



SECOND EDITION. 



Thb Second Edition, besides being a thorough revise 
of the First, contains additions on the following 
subjects : Forces not in the same plane ; the Mechanical 
Advantage of Compound Machines; Newton's Third 
Law of Motion; Energy and the Relation between 
Force and Energy. 

Apnly 1871. 
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I.-INTEODUOTION. 

1. A BODY is at rest when it constantly keeps the 
same position in space, and it is in motion when it 
occupies successively different positions. 

2. To illustrate these conditions, let us place a stone 
or other body on a horizontal table. If left to itself, 
the stone will remain for an indefinite length of time in 
the same position. 

Imagine the table to be suddenly removed ; the stone 
will no longer remain at rest, but will fall to the earth. 
Why does it take that particular direction ? A physicist 
would tell us that there is a constant attraction between 
the earth and the stone, and that the movement of the 
stone is due to this cause. 

Whenever a body at rest is made to move, there 
always exists a cause of the motion, the action of which 
is due to the presence, near or remote, of another body ; 
in other words, a body without life cannot move of 
itself. 

3. If the stone be projected along a level road, the 
speed with which it leaves the hand will not be main- 
tained, but will be gradually diminished, until finally 
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the stone will stop in its course. If, instead of the 
road, the frozen surface of a lake be chosen, the same 
stone thrown with the same force will travel much 
further on the ice than on the road. And if, instead 
of the irregular stone, we roll a smooth ball of ivory on 
the ice, the distance traversed will be greater still. It 
is evident, therefore, that the stone is gradually stopped 
by the resistances it encounters. 

Similarly, whenever a body ceases to move, it does 
so because its motion is destroyed by the resistances it 
meets with. The more we diminish these resistances, 
the longer and the further will the body move ; and, 
consequently, if we imagine that they are all suppressed, 
we shall be led to the conclusion that the body under 
these circumstances would continue to move for an 
indefinite length of time ; in other words, that a body 
cannot of itself alter its speed. 

4. Neither can it change the direction of its motion. 

If no obstacle be encountered in its course, the ivory 
ball thrown on the ice will turn neither to the right nor 
to the left. It is true that a stone thrown into the air 
returns to the ground, but this is because its weight 
tends constantly to bring it to the earth. Conceive the 
weight and the resistance of the air removed, and the 
stone will continue to move in a straight line with uni- 
form speed. This fundamental principle in Mechanics 
is termed the First Law of Motion, and may be 
enunciated thus : — 

When a body is not acted on by any external agent, if 
it he in a state of rest it will remain so, and if it be in 
motion it will continue to move in a straight line with 
uniform speed. 
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Force. 



5. When we raise a burden, set in motion a body 
at rest, or arrest a body already in motion, we are 
conscious of exerting a certain effort, and the term force, 
which we give this effort, is naturally applied to similar 
causes. 

A force is therefore any cause tending to move a body 
to change its motion, or to keep it at rest when other 
forces are acting upon it. 

For a long time the forces employed by man were 
only those furnished by human and animal labour; but, 
in proportion as progress in science has been made, we 
have not only utilised these natural mechanical forces, 
but have subjected to our use others which were before 
unknown; as, for example, forces arising from the 
motion of the air, a running stream, the changing 
of water into vapour by heat, chemical action, 
electricity, &c. 

6. Forces from different sources, however, may be 
compared with one another, and are capable of nume- 
rical valuation. 

The science of Mechanics does not consider the 
nature of the forces, but treats only of the properties 
common to all; and a force will be regarded as fully 
determined when we know the point at which it is 
applied, its direction, and its intensity. 

7. Forces do not always have the effect of producing 
or modifying the motion of a body ; other forces acting 
at the same time may counteract them. A weight 
held in the hand is not the less heavy because it does 
not fall ; it is prevented from falling by a lotoi^ ^^l-w^^-^ 
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equal to it, but opposite in direction. If the weight 
be placed on the table, it is still prevented from falling 
by a force exerted by the table. This force is termed 
a reaction, or a resistance. Whenever a body acted on 
by a force is at rest, we may at once conclude that 
there exists a resistance which counteracts the force. 
When two or more forces neutralise one another, so as 
to keep the body or the particle on which they act at 
rest, they are said to be iw equilibrium. 

8. The science of Mechanics may be conveniently 
divided into two parts. 

Statics treats of forces in Equilibrium. 

Dynamics treats of forces which produce motion. 
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9. Three things have to be considered in a force. 

1st. Its intensity or magnitude. 
2nd. The point of application. 
8rd. The direction. 

The Magnitude of a Force. 

10. Two forces are equal when, if applied at the same 
point in opposite directions, they will be in equilibrium. 
One force is twice another when the first will counter- 
act two forces, each equal to the second, applied to 
the same point, but in the opposite direction ; so also 
one force is thrice another when three of the latter 
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will be required to keep the former in equilibrium, and 
so on. 

11. The magnitude of a force is estimated by stating 
how many times a given unit will be equal to it. The 
unit usually employed is a pound. Although forces 
are obtained from different sources, they may all be 
compared with the pound weight. 

We will describe an instrument which may be used 
to compare forces of different kinds with the unit of 
weight. 

12. Figure 1 represents a spring 
balance for this purpose, con- 
sisting of an elastic band of steel, 
B o A, to the ends of which metallic 
graduated arcs are attached. The 
outer arc, da, is fixed to the lower 
arm, passes through an aperture 
in the upper, and terminates in a 
ring, F. The inner arc is attached 
to the upper arm, passes freely 
through the lower, and terminates 
in a hook, g. Place the ring on a 
firm support, and hang a weight 
of one pound upon the hook. The 
two branches of the steel band 
will approach each other until the 
elasticity of the bar counter- 
balances the weight. Mark on 
the arc, a d, the position of the 
bar. Suspend in a similar manner 
weights of 1 lb., 2 lbs., 3 lbs., 




Fig. 1. 



&c., and make the corresponding xxi^^V^ xscsS^ ^^ 



6 DmAUETERS. 

graduaUon of the arc ia coiopleted. ' Any force which 
when applied to the inBtruinent prodnces a certais 
deflectioD is eqnal to the weight which woold produce 
the same. 

A epring balance used to compare forces diSering in 
kind may be termed a diptameter. 

Kgares 2 and 3 represent other forma of the instrn- 
ment. If the ends of the bar, a o b in Fig. 1 were 




Fig. 8. 



Pig. 8. 



united to a similar bar, bj joints at a and s, the 
strength of the inBtmment would be greatly increased, 
and by meana of such an arrangement we ahould be 
able to compare even forces of great magnitnde with the 
unit of wdght. If we wish, for example, to mea- 
sure the force with which a horse draws a carriage 
along a pared road, it will only be necessary to inter- 
pose the dynameter between the horse and carriage, 
attaching one to the ring, and the other to the hook. 
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The Direction of a Force. 

13. When a body is suspended by a tbreaa 
(Fig. 4), the thread takes a determined direc- 
tion, termed the vertical ; if it be suddenly cut, 
the body will fall in the direction of the vertical. 
This is therefore termed the direction of the 
weight. 

The direction of a force applied to a point 
is the straight line along which the point would be 
displaced if it were free to move, ^A 

Fig. 4. 

Graphic Bepresentation of Forces. 

14. In the three properties we have described, forces 
may be represented by straight lines. For example, 
the direction of the line may represent the direction of 
the force, the extremity of the line the point of appli- 
cation of the force, and if we agree to represent a 
unit of weight by a unit of length, as for instance, by 
taking a line of three inches to represent a force of 
three lbs., then the magnitude of the line will repre- 
sent the magnitude of the force. 

The Transmissibility of Forces. 

15. If a weight be attached by a cord to the spring 
balance in Fig. 1, the effect will be the same at what- 
ever point in the cord the weight be tied. Similarly, a 
force may be applied to a body directly, or by the 
interposition of a rigid rod, and, supposing the rod to 
be supported independently, the result will b^ ^^ 
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same. The general principle here illustrated may be 
stated thus. A force may be applied at any point in 
the line of its direction^ provided this point be connected 
with the first point of application by a rigid and inex- 
tensible straight line. 

Let A B (Fig. 5) be a string, at the extremities of 
which equal forces are acting in opposite directions, it 
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is clear that the string will be in equilibrium. Take 
any other point, c, in the string, and remove the 
force, p, from a to c, still the force will be in equili- 
brium. Hence we may consider the force applied at 
one end to be transmitted throughout the string, and 
we may suppose two opposite forces at any point, 
each equal to f. Either of these forces is termed the 
tension of the string. Suppose the string to pass round 
a smooth peg, ring or surface, in this case also the 
tension of the stnng is the same at every point. 

Besultsjit of Forces in the same Straight Line, 

16. If we hang two weights of 1 lb. each to the 
dynameter, the indication of the instrument will be 
precisely the same as if a single 2 lb. weight were 
attached to it. Three weights of 1 lb. each produce the 
same effect as a single 3 lb. weight. Similarly, forces 
of 3 lbs. and 5 lbs. may be replaced by a single force 
of 8 lbs. And, generally, it is evident iheXwhen two 
or more forces act upon a point in the same straight line 
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in the same direction, their effect will be equivalent to that 
of a single force equal to their sum. 

Conversely, if for a single force two others, the sum 
of which is equal to the first, he substituted, the effect 
will be the same. 

Let us now apply at the point o two unequal forces 
in opposite directions, the one, f', acting horizontally 
from left to right, and the other, f, horizontally 
from right to left (Fig. 6). If f' be a force of 2 lbs. 
and F of 3 lbs., we may substitute three single forces of 

F . r 

-^ — I 1— • 1 — ^ 

Fig. 6. 

1 lb. each for the latter, and two of them will then be 
in equilibrium with the former. There remains a free 
force of 1 lb. acting from right to left. The body 
under the influence of the two forces is therefore in 
the same condition as if it were acted on by a force, 
F — f', in the direction of the greater. Whenever two 
unequal forces act on a particle in the same straight 
Hne, but in opposite directions, the greater may be 
divided into two parts, one of which is equal to the 
less, and will therefore neutralise it, and an effec- 
tive force will remain in the direction of the greater, 
equal to the difference of the forces. 

The single force which will produce the same effect as 
several forces acting together, is termed the resultant of 
the forces ; hence the general proposition explained 
above may be enunciated thus. 

When any number of forces act upon the same point, 
in the same straight line, their resultant may be found 
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by taking the difference between the sum of all the 
forces acting in one direction, and the sum of all the 
forces acting in the other, the direction of the resul- 
tant being that of the greater sum. 

Let us agree to wrjte a + sign before all the forces 
acting in one direction, and a — sign before all those 
acting in the opposite direction, and then we may state 
the rule thus : — The resultant of a number of forces 
acting in the same straight line is equal to the algebrai- 
cal sum of the forces, 

1 7. The forces which are thus combined are termed 
the Components, and the process of finding the resul- 
tant is termed the Composition of Forces. The con- 
verse operation, namely, that of finding Component 
forces which shall have a given resultant, is termed the 
Resolution of Forces, 

The resultant is the single force which 
will produce the same effect as the com- 
ponents ; hence, if to a system of forces 
a new force be added, exactly equal to 
the resultant, and opposite in direction, 
this force will keep the system in equi- 
librium (Fig. 7). Thus the problem 
to find the resultant also gives the force 
required to keep the system in equili- 
brium. 
Fig. 7. 
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Exercises. 

1. If a foroe which will support a weight of 18 lbs. be repre- 
sented by a line 3 ft. long, how long nrnst be the line which will 
represent a weight of IJ cwts. ? — Aft^. 28 ft. 

2. In the above case, what weight will a line of 17 in. repre- 
sent ? — Ans. Si lbs. 

8. The force reqnired to balance two others acting together in 
the same straight line is five times one-fonrth of larger force, 
what multiple is it of the smaller ? — Ans. 5. 

4. When a ton is represented by a line 5 ft. 4 in. long, what 
force will a line 7 in. represent ? — Atis. 2 cwt. 21 lbs. 

5. The weight of a cubic foot of a snbstance is 6 cwt., and is 
represented by a line a foot long, what will be the length of the 
line reqnired to represent 720 cubic inches of the same substance ? 
— Ans. 5 inches. 

6. When two forces act together they have a resultant of 
12 lbs., and when they act in opposite directions their resultant 
is 2 lbs. ; find the forces. — Ans. 5 lbs. and 7 lbs. 

7. A string supports a weight of 4 lbs. at its extremity, another 
weight of 5 lbs. above the first, and a third of 7 lbs. above the 
second : find the tensions of the three parts of the string. If 
the tension of the middle part be represented by a line 11 j: in. 
long, what will be the length of the lines required to represent 
the others P — Ans, Tensions, 4 lbs., 9 lbs., 16 lbs. ; lines, 5 in. 
and 20 in. 
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in.— THE COMPOSITION AND RESOLUTION OP 

FOECES, 

Forces in the same Plane meeting at a Point. 

18. Suppose two forces not in the same straight line 
act on a point m (Fig. 8). If left to the action of these 

forces only, the point will begin to 
move in a certain direction. There 
must, therefore, be a single force 
which will produce the same effect, 
and therefore, also, a force which will 
counteract this effect. We have to 
consider how we can find the mag- 
nitude and direction of this force. 

Over two pulleys, m and n 
(Fig. 9), capable of moving 
without friction, pass a fine 
thread of silk. To the mid- 
dle point B tie a very light 
strip of wood e d. Take 
a number of small equal 
weights, and attach two of 
them to each end of the 
thread, and three to the 
extremity e of the strip e d. 
The point b will descend to 
a definite position, and will 
then remain at rest. 
Let us examine the position of equilibrium. First, 
we shall find that the rod e d will bisect the angle 
M B N ; and this will always be the case whatever the 




Fig. tf. 
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weights, provided that those at m and n are equal. 
Again, take a certain length — an inch, for example — 
to represent the weight p^ and measure off on b n and 
B M as many inches as there are weights at each end 
of the thread and through the points A and o thus 
determined, draw a d and o d parallel to b o and A b 
respectively. These lines will meet the rod in the 
same point d, and it will be found that the line b d will 
contain as many inches as there are weights attached 
to E. 

Instead of equal weights sus- 
pend S p at one end of the 
thread, 2 p &t the other, and 
4 p to the rod (Fig. 10). The 
form of the figure will be 
changed, but if we measure 
onB M three units of length, and 
draw A D parallel to b o, also 
measure on b o two units, and 
draw o parallel to b a, still 
we shall find that these straight 
lines intersect at a point d on 
the rod, and that the line b d contains as many units of 
length as there are weights at e. 

This experiment illustrates the fact, that, in order to 
find the resultant of two forces acting on a point, we 
must take on their directions lengths proportional to 
the forces, and complete on them a parallelogram. The 
diagonal of the parallelogram through the point of 
application will represent the resultant of the forces in 
magnitude and direction. 

19. We may here remark that the thread \n»&l \i'^ 




Fig. 10. 
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tied to the rod, in order that there may be equilibrium 
with unequal weights at m and n. If the weight at b 
be attached by a ring, as in Fig. 11, the tension in 




Fig. 11. 

the two parts of the string must be equal. The 
parallelogram in this case is equilateral. 

The proposition above explained is termed the 
Parallelogram of Forces. 

20. If two forces acting on a particle he represented 
in magnitude and direction by two adjacent sides of a 
parallelogram, the resultant of these forces will he repre- 
sented in magnitude and direction hy that diagonal of 
the parallelogram which passes through the particle. 

Before proceeding to the proof of 
this proposition it is necessary to 
notice a preliminary proposition. 

21. Any two forces, f, f', applied 
at a point m may be transferred pa- 
rallel to themselves to any other 
point m' in the line of direction of 
the resultant (Fig. 12). We may 
substitute for the forces their re- 
sultant, and transfer it to the point 
m' in the line of its direction, and may 
then resolve it at that point into 
forces F and f' equal and parallel to 
Fig. 12. the original components. 
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To demonstrate the Parallelogram of Forces for 
the Direction of the Resultant. 

22. ist. When the forces are equal. 

It is evident that the resultant of two eqnal forces 
F and f' acting on a point m bisects the angle between 
them ; for there is no reason why it should lie nearer 
one than the other (Fig. 13). This reason may be 





Fig. 14. 

termed a conclusion from symmetry, A similar reason 
would lead to the conclusion that three equal forces 
acting on a particle, and making with each other angles 
of 120°, are in equilibrium (Fig. 14). 

2nd, When one force is a multiple of the other. 

Let M A and m b represent two forces applied at the 
point M, and suppose m a to contain m b a certain number 
of times, three for instance (Fig. 15). Construct the 
parallelogram m a m'b. Decompose the force repre- 
sented by M A into three forces, each equal to m b, 
represented by the lines mo, o d, da. Since m b and m o 
are equal, s is a point in their resultant, and we may 
transfer the forces parallel to themselves to the point s, 
so that one will act in the line s o, andt\i^ ^^}DL^T^:s!k 
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cb'. Consider the latter and the force represented 
by D. Since they are equal, g is a point in their resul- 




Fig. 15. 

tant, and we may transfer the forces to the lines, b m' 
and D d'. Combine the forces represented by n n', and 
D A, and transfer to m' as before. We have now the 
three components of M A transferred to bm', and mb 
removed to m'b'. The directions of all these pass 
through the point m', and consequently their resultant 
passes through the point m' ; but it also passes through 
the point m, and consequently it has the direction of 
the diagonal m m'. 

3rd, When the forces have a common measure. 
Let the forces represented by m a and m b have a com- 
mon measure f (Fig. 16). Divide m b into parts equal 
to this common measure. Let m o be the first of these 
parts. By the last proposition the resultant of m a and 
M passes through n, so that we may transfer m a to 
D parallel to itself, and m o to ad parallel to itself. 
Combine the force represented by c d with o b, the next 
portion of m b. As before, m' is a point in the resul- 
tant, and we may transfer the forces to this point. If 
there were more divisions of m b, we should proceed 
in the same way with all. The original forces are thus 
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replaced by others passing tirongh the point m'. This 
point is therefore in the direction of their reaoltant, 




Fig. 10. 

hence the diagonal u n' of the parallelogram lias flis 
direction of the resoltant. 

4lh. When the forces are incommensuraUe. 

Ifthe forces have no common measure, choose a email 
force, J\ which is contained exactly in one of the forces 
p, and let p eqnsil to n X^be a force leas than f', and 
<j equal to (» + 1) X / be greater than p'. Then the 
proposition has been prored for r and p, also for f and 
<j. Kow by taking/ sufficiently small, wo may make 
p and 4 differ from each other, and therefore differ 
from F*, which lies between them by a quantity as 
small as wo please ; hence we conclude, generally, that 
if two forces acting at a point be tepresei^tA^ \a. -qja^gK- 
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tude and direction by two adjacent sides of a parallelo- 
gram, their resultant will have the direction of the 
diagonal of the parallelogram through that point. 




Fig. 17. 



To prove that the Parallelogram of Torce is true 
also with respect to the znagnitude of the 
Besultant* 

23. Let MA, MB, be the 
direction of the forces (Fig. 
17). Apply at the point m 
a force represented by m c' 
which will be in equilibrium 
with the given forces. Then 
any one of the three forces, 
MA, M B, M g' will be equal 
and directly opposite to the 
resultant of the other two, 
consequently by the last proposition each must be iix 
the same straight line as the diagonal of the parallelo- ' 
gram on the other two. Complete the parallelograms 
on M A and m b, and on m c' and m b, therefore c c' and a a' 
are straight lines, and a'b o m is a parallelogram. There- 
fore c'm and c m are each equal to a'b and to one another, 
hence c m has the magnitude as well as the direction of 
the resultant of b m and a m. 

The parallelogram of forces is therefore completely 
proved. 

24. In working the following Exercises the student 
will be frequently required to solve the following 
triangles : — 

1. A riglit-angled triangle in wliich the acute angles sro 
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respectively 80° and 60°. Sach a triangle is half an equila- 
teral triangle, and it is easily proved that 

The shortest side = half the longest. 
The third side = v^3 X the shortest. 

2. An isosceles right-angled triangle (in which of course the 
angles are 4B°, 4B° and 90°). ^ 

The hypothennse = either side X V^- 

To find the diagonal of the parallelogram when the angle is 
60°, 80°, or 45°. 

If G 1£ be the diagonal (Fig. 18a), produce a side H B to D, 
and draw G D perpendicular to M D. The angle G B D = A M B. 
If this angle be 60°, 30°, or 45°, and M B and G B be given, C D 
and B D may be found as above, and GM zz \/ QiB^ + C D^ 
= ^/ (M B« + B C« + 2 M B • B D). 

To find the diagonal when the angle is 120°, 150°, or 135'' 
(Fig. 185). 

A C 





B D 3C 

Figs. 18a and 186. 

In this case the angle B is 60°, 30°, or 45°, and therefore if C D 
be drawn perpendicular to M B, G D, D B, and M D may be found, 
andGM «v'(MD«+ GD*) = V(MB«+ BG«— 2MB-BD). 

Bemark that the xmit of length taken to represent a unit of 
force may be anything we please, but when a certain line has 
been taken to represent a given force, 
the unit is fixed, and must be main- 
tained throughout the problem. 

Exa/mple, — A boat is held at rest 
in a stream by cords, A O, B O (Fig. 
1 8) , attached to stakes in the opposite 
banks, and a rope, G O, fastened to 
the boat G. Show how to find the 
ratio of the tensions in the cords. 

Take any length O A' to represent Tv^* V^. 
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the tension in OA. Through A' draw a line poraflel to 
O B, and produce C O to meet it. From the point of 
inteneation draw a parallel to OA, meeting OB in B". The 
nilio oF A' to O B' will be the ratio of the tensions. The 
pacallelogram might have been ooDstmcted on any two ol the 
lines. If the absolute value of one of the tensions be known, 
aa for example that in A = 50 lbs., the unit taken [ 
is kmnm, and the tension in the other corda.mBj be found. 

Ekbbcises. 
• I. Threeropea,PA,QA,BA,areknottedlogetharatthepoiiit 
A; PAieattachedtoatree.QAondE Aare pnlled b; two men ; 
having given the angle between Q A and B A and the force 
eierted b; each man, sbow how to find the preseare on the tree. 
2. At what angle mnat two equal fotoea act to prodaoe the 
le eOect as oue of them ? 

3. Two raiI«TS, making on angle 
of 60°, support a chandelier 

I weighing 90 Iba; what will be 
the pressure along each rafter P 
~Ans. 30^3 lbs. 

4. For a given Tertical force 
II , two other toccesars tobesnbsti- 
ITL tuted, one horizontal and the 

other making an angle of 45° 
with the vertical ; find the magni. 
tude of the forces. 

. If a bod; be drawn along 

. the ground by a cord inclined at 

.ven angle, show how to find 

what part of the ferce is spent in 

- lifUog the body, and what partio 

- drawing it. 
I. A oraoe is used to raise a 

H'- weight, as represented in the 
figure ; a man pnlla the weight by 
a cord to keep it from the wbQ. 
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(a) Show that the tension in the cord above the weight is 
greater than the weight, and show how to find the ratio between 
them. 

(b) Show how to determine the direction and magnitude of 
the pressure on the pulley of the crane. 

7. Forces of 8 cwt. and 15 cwt. act on a point at right angles ; 
find their resultant. — Ans. 17 cwt. 

8. The ratio of two forces acting at right angles is J, and the 
smaller is 21 lbs. ; fi^d the resultant. — Ans, 35 lbs. 

9. The resultant of two forces which act at right angles is 
145 lbs. and one of the forces is 144 lbs. ; find the other. — Ans. 
17 lbs. 

10. The resultant of two forces which act along the adjacent 
sides of a square is 169 lbs., and one force is 1 lb. greater than 
the other; find the forces. — Ans, 119 and 120. 

11. Show that the greater the angle between two forces, the 
less will be their resultant. 

12. Two forces, P and Q, act upon a point; P=3 Q. If two- 
thirds of P were taken and 8 lbs. were subtracted from Q, the 
resultant would have the same direction as before. Find the 
forces.— Ans. P = 72 ; Q == 24 lbs. 

18. Two equal forces of 2v/Tlbs. act at an angle of 60**j find 
their resultant. — Ans, 6 lbs. 

14. Two equal forces act at an angle of 120°; prove that the 
resultant equals either of the forces. 

15. The resultant of two forces at right angles is 8,^Tlbs. 
and makes an angle of 30° with the larger force ; find the forces. 

— Ans, 4^"S7and 12 lbs. 

16. Forces of 8 and 12 lbs. act at an angle of 60°; find the 
resultant. — Ans. 17*43. 

17. — Forces of 9 and 11 lbs. act at an angle of 120°; find their 
resultant. — Ans, ^/\0Z or 10*14. 

18. The resultant of two forces, P and Q, is perpendicular to 
P ; show that it is less than Q. 

19. Two forces, each equal to 50 lbs., act at an angle of 150°; 
find their resultant.-T-iins. 25*8819. 
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20. Two forces, each equal to 10 lbs., act at an angle of 30°; find 
their resultant. — Ans, 19*319. 

21. If the resultant of forces of 33 lbs. and 56 lbs. is 65 lbs., 
show that the angle between the forces is a right angle. 

22. Two forces of 2 and 3 cwts. respectively act at an angle of 
45°; find their resultant. — ^715. 4*63 cwts. 

23. The resultant of two forces, P and Q, acting at right angles 

is 305, and ^ _^li ; find the forces.— ulns. 65 and 300 lbs. 
Q 60 

24. The resultant of two forces is perpendicular to one of 
them ; the forces are 2 cwts. 17 lbs. and 1 cwt. 8 lbs. ; find the 
magnitude of the resultant. — Ans, 209 lbs. 

25. Eesolve 17^/2 lbs. into two equal forces at right angles. 
— Ans. 17 lbs. 

26. Eesolve a force of 353 lbs. into two which shall contain an 
angle of 60°, and the hirger of which shall be 150^ 3 lbs. — Ans. 
The smaUer = 142*0962 lbs. 

27. A force of 205 lbs. is resolved into two, which make an 
angle of 30°. The larger force is 168 lbs. ; find the smaller. — 
Ans. 41-507732 lbs. 

28. Can there be equilibrium with forces of 4, 5, and 9 lbs. 
acting on the same point ? 

29. A and B are points in a horizontal line to which is attached 
a thread bearing at a point G a weight of 194 lbs. If A B = 97, 
A Cb 72, G B = 65 in. ; find the tensions in the two parts of the 
threads. — Ans, 130 lbs. and 144 lbs. 



2 



o 



ly.— DEDUCTIONS FEOM THE PAEALLELOGEAM OP 

FOECES. 

Several important deductions may be made imme- 
diately from the Parallelogram of Forces. 

The Triangle of Forces* 

26. When three forces acting on a particle can he 
represented in magnitude and direction hy the three sides 
of a triangle taken in order, they will be in equilibrium. 

Let MAO (Fig. 20) be the tri- m^ 
angle ; complete the parallelogram 
M A c B, then the force represented 
by A c is also represented by m b, 
and the/se forces have a resultant 
represented by m c. This resultant 
will be in equilibrium with the ^^' ^^' 

equal and opposite force c m, and therefore the original 
forces are in equilibrium. 

Eemark in the enunciation the words taken in order. 
The forces act from m towards a, a towards c, o towards 
M. If one be reversed, they no longer represent forces 
in equilibrium. 

It should be noticed also that the forces are supposed 
to pass through a point, and the sides of the triangle 
to be parallel to them, so that parallel lines are con- 
sidered to have the same direction. 

26. The converse of this proposition is also true. 
When three forces acting on a particle are in equilibrium. 
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the sides of any triangle which are parallel to the lines 
of action of the forces are also proportional to the 
forces. 

Thus, if p, Q and r be forces in equilibrium, repre- 
sented by M o', M A, MB, they will be proportional 
to the sides of the triangle, a m c, and of any triangle 
formed by lines parallel to these sides. 

Again, it is a theorem in geometry that if there be 
two triangles, such that the sides of one are respec- 
tively perpendicular to those of the other, then these 
sides are proportional, hence in the above proposition, 
if the lines be drawn perpendicular to the direction of 
the forces they will be proportional to the forces. 

27. From the triangle of forces, it follows that 
when three forces acting on a point are in equilibrium, 
the sum of any two is not less than the third. The 
sum of two may be equal to the third when the latter 
is opposed to the former, and acts in the same straight 
line. 

28. If we increase the angle between the forces f 
and f' (Fig. 20), we decrease the angle a, and the new 
triangle having two sides respectively equal to the two 
sides, MA, G A, but including a smaller angle, will have 
a smaller base. Consequently, the greater the angle 
between the forces the less will be the resultant, and it is 
the least possible, when the forces are in the same 
straight line, but opposite in direction. 

29. If three forces in the same plane, not parallel, 
aro in equilibrium, they pass through the same point. 

For if two meet in a point they may be replaced by 
their resultant, and in order that this resultant may 
be in equilibrium with the third force, they must be in 
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the same straight Kne ; hence the line of action of the 
third force must pass through the intersection of the 
first two. 

30. The sum of the projections of two forces on the 
line of action of their resultant is equal to the resul- 
tant, and the algebraical sum of the projections of the 
forces on any line whatever is equal to the projection 
of the resultant on the same line.* 

For the first part of the proposition refer to Pig. 20. 
If a perpendicular be drawn from a to m o, it divides 
M c into two parts, which are respectively the projec- 
tions of M A and A 0, the latter of which is equal to the 
projection of m b. 

Again, let the lines h b, h c, ma, be projected on 
any other line c' k (Fig. 
21) c', b', a', and k, being 
respectively the projections 
of the points c, b, a, 
and H. 

First, let the line mk 
fall without the angle m 
(Fig. 21). It is evident 
that 

eK=C'B' + B'K 

=A'K + B'K Fig. 21. 

that is, the projection of the resultant is equal to the 
sum of the projections of the forces. 




* The projection of one line npon another is the line included 
between perpendiculars from the extremities of the first npon 
the second. 
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Second, let the line mk fall within the angle u 
(Fig. 22). Here c' k=b' k— b' o' 

=b'k — ^a'k. 




Fig. 22. 



If we consider the sign of 
ka' to be opposite to the 
sign of o'k and b'k, be- 
cause the line is taken in the 
opposite direction, then b' k 
— a'k will be the alge- 
braical sum of the projec- 
tions of the forces. The 
proposition may be extended 
to any number of forces. K 
the forces be in equilibrium 
the sum of their projections 
must therefore be zero. 

31. If any two lines be drawn at right angles in the 
plane of the forces, the projections of a given line upon 
them will represent two forces which have for resultant 
the force represented by the given line ; for the pro- 
jections are sides of a rectangle of which the given line 
is the diagonal. 

32. From this it follows, that if any number of forces 
act on a point and two lines be drawn at right angles 
through the point, the algebraical sums of the pro- 
jections of the forces on these lines will be equal to the 
projections of the resultant on the same lines. If we 
can find these projections we can therefore find the 
resultant. Let x = the sum of the projections on one 
line, and y = the sum of the projections on the other, 
then r' = X* + y\ 
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The condition that the forces may be in equilibriam 
is therefore that x = o, and y = o. 

These conditions are sometimes stated thus : — 
If any number of forces act on a point, and two lines 
he draivn at right angles through the pointy the sum of 
the resolved parts of the forces in either direction will 
be equal to the resolved part of the resultant in the same 
direction. If the sum of the resolved parts in the two 
directions be zero, the forces will be in equilibrium. 



The Polygon of Torces. To find the resultant of 
any number of forces acting on a particle* 

33. Let F, f', f", f"' be forces acting on the point 
M, represented by ma, hb, hc, md (Fig. 23). 




Through a draw a b' parallel and equal to m b, then by 
the triangle of forces m b' will represent the resultant of f 
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and f'. Throngh b' draw b' d parallel to m o, then if o' will 
be the resultant of r' and f". Similarly, by drawing c' d' 
equal and parallel to m d, we obtain m d' representing 
R the resultant of f, f', f", f"'. d'm will represent a 
force which will keep the original forces in equilibrium, 
and from the construction we may at once deduce the 
following proposition. When a number of forces 
acting on a particle can be represented in magnitude 
and direction by the sides of a polygon taken in order 
the forces are in equilibrium. 

Farallelopiped of Torces* 

34. If three forces, f f' f'', acting on a point be 
represented in magnitude and direction by the three 
sides of a parallelopiped, their resultant will be repre- 
sented in magnitude and direction by the diagonal of 
the parallelopiped through the point of application. 
The resultant of f and f' is represented by the dia- 
gonal of the parallelogram m b' (Fig. 24), and the 



resultant of this force and f" is represented by m o', 
the diagonal of the parallelogram h b' c' o. 
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35. The inverse proposition to the composition of 
forces, namely, the substitution of two or more forces 
which shall be equivalent to a given force, is termed 
the Resolution of Forces, If the line representing a 
given force be made the diagonal of a parallelogram 
the sides of this parallelogram represent forces into 
which it may be resolved ; and since as many paral- 
lelograms can be drawn on a given diagonal as we 
please, a force may be resolved into two others in as 
many ways as we please. 

36. The method of section 31 may be useful when there 
are several forces acting on a point at known angles. 
For example : — 

Find the resultaiit of fonr forces of 2, 3, 4, and 5 lbs., respec- 
tively, the included angles being in order 60°, 60°, 15°. 

Take tviro lines, one in the direction of the first force, and the 
other at right angles to it. 
The projections of the first force are ... 2 and 

second „ ... l^andllv^S 
third „ ... — 2 and 2^ Z 






%» it 



fourth „ .. and-— 

^/2 ^/2 



therefore fi= 9-86 
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Exercises. 

1. If two lines, A B, C A, represent two forces acting on a point, 
the one towards the point and the other from it, show how to 
find the resnltant. 

2. Three forces of 119, 120 and 169 lbs. act on a point and 
keep it at rest, show that the angle between the first and second 
is a right angle. 

3. Three pegs. A, B and C, driven in a wall form a right- 
angled isosceles triangle, of which the base, A C, is horizontal. A 
cord passes over the three pegs and supports two weights of 
20 lbs. attached to its ends ; find the pressure on the pegs. — 

Ans. Pressure on B = 20 ^/ 2 ; on A and C = 20y/ 2^/ 2. 

4. Three forces acting on a point are represented by lines of 
12, 24, and 15 inches, including angles of 60°: find the length of 
the line which will represent the resultant. (§31) — Ans. 37*5899. 

5. The angles between three forces of 42, 52, and 10 lbs. 
respectively, are 120°; find the resultant. — Ans. 38 lbs. 

6. Show that if three forces acting on a point be represented 
in magnitude and direction by the three lines drawn from the 
middle points of the sides of a triangle, to the opposite angles 
the forces are in equilibrium. (Besolve each force into two others 
acting along the sides.) 

7. Along the sides of an equilateral triangle, ABC, three 
forces of 1 lb. each act in direction as follows : from A to B, 
from A to C, and from B to C ; find their resultant. — Ans. 2 lbs. 
parallel to A C through the middle point of B C. 

8. In the above case, if the forces are 3 lbs. along A C, 5 lbs. 
along B C, and 7 lbs. along A B, find the resultant. — Ans. s/ 84. 

9. Beplace two forces of 20'3 and 39'6 kilogrammes re- 
spectively, acting at right angles by two others also acting at 
right angles, the larger being 40 kilogrammes. — Ans, 19*5. 

10. Three rods meet at a point and form a tripod to sustain a 
weight, show how to find the ratios of the pressures on the rods. 

11. Three forces, 25, 60, and 72 grammes, having directions at 
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right angles to one another act npon a point ; find their resultant. 
— Ans, 97. 

12. A cord is attached to two fixed points, A and B, in the 
same horizontal line, and bears a ring weighing 10 lbs. at C, so 
that A C B is a right angle ; find the tension in the cord. — Ans. 
5 v/ 2 lbs. 

13. Two cords, AC = 44 inches, B C = 117 inches, are attached 
to points A and B in the same horizontal line and' o a weight of 
10 lbs. at C. The angle A C B is a right angle ; fiud the pressure 
on A and B,—Ans. 3-52 and 936 lbs. 

14. Prove that if two forces be represented by two diagonals 
of a parallelogram, their resultant will be represented by a line 
cqnal to twice one of the sides of the parallelogram. 

15. Find the resultant of six forces, 1, <y/2, 2, 3^3 and 2 lbs. 
acting on a point, the angles taken in order being 45°, 75°, 60°, 
90°, and 90°. — Ans, 1 lb. at right angles to the first force. 

16. Find the resultant of five equal forces acting on a point and 
making with each other angles of 60°. 

17. Four equal forces act on a point ; the first is perpendicular 
to the second, their resultant is perpendicular to the third, and 
the resultant of the first three is perpendicular to the fourth; 
find their resultant. — Ans. 2 P. 

18. A weight is supported by two strings which are attached 
to it, and to two points in a horizontal line : if the strings are 
of unequal length, show that the tension of the shorter string is 
greater than that of the other. 

19. Three forces, represented by those diagonals of three 
adjacent faces of a cube which meet, act at a point ; show that 
the' resultant is equal to twice the diagonal of the cube. 



32 



Y.— PAEALLEL FOECES. 

37. Take a bar of iron b o (Fig. 25), and attach it 
bj the middle point d to a fine thread passed over a 



E 





D 

Fig. 25. 



c 



pulley B capable of moving without friction. To the 
other end of the cord attach a mass of lead and a hook 
A, which will exactly balance the bar. Take a number 
of equal weights and suspend one of them from each of 
two points on the bar equally distant from d, and two 
others from the hook ; there will still be equilibrium. 
Take off the two weights from the bar and hang them 
one below the other at the point d ; with this arrange- 
ment also there will be equilibrium. This is an 
illustration of the fact that two parallel forces, applied 
at two points in a body, produce the same effect as if 
they were applied together at the centre of the line 
which joins the points. 

Keplace one weight at b, suspend two others at c', 
midway between c and d (Fig. 26), and hang three 
from the hook at a ; in this case also there will be 
equilibrium. 
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If o" be taken as the point of support, such that 
D o"= J D B, then it will be necessary when one weight 



B 




Fig. 26. 



is placed at b to suspend four from o" and five 
from A. 

These experiments, which might be multiplied and 
varied indefinitely, show that two parallel forces, acting 
in the same direction, can be counteracted by a single 
force parallel to them ; and consequently they may be 
replaced by such a force. Moreover, we learn that in 
magnitude the resultant is equal to the sum of the 
forces, and if one force be double or triple of the other, 
the point of application of the first must be twice or 
thrice nearer the resultant than that of the second ; in 
other words, the distances of the forces from the 
resultant are inversely proportional to the forces. 

38. Parallel forces which act in the same direction 
may be called like forces, and those which act in oppo- 
site directions unlike. 



CompoBition of Parallel Forces, Geometrical Proof. 

39. Let F and f' be like parallel forces applied at 
points A and b in a solid body (Fig. 27). We may 
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apply at tho extremity of 
the rigid line a b t^ro eqiial 
and oppostt« forces / and 
— / represented by a d and 
n s, nithotit disturbiiig the 
g effect of the forces f, f'. 
The resultant of / and p 
will be represented by a o, 
and that of — -/andp'bjBH. 
Produce these lines to meet, 
and let o be the point of 
intersection. We may trans- 
fer the forces represented by 
A i> and A a' to o parallel 
to theraselres, when / will 
be represented by o u' and f by o a". Similarly trans- 
ferring — ■/ and f' parallel to themaelyes to the point o, 
— -/will be represented by o e', and p" by o a". Then 
/and — ■/ neutralise one another, and an effective force 
remains along o o parallel to the forces f and f', and 
eqnal to p + p'. Hence the resultant of two like 
parallel forces ia equal to their sum, and acts parallel 
to either of the forces in the same direction. 

Again, the triangles a a' a, aoo are similar, and 
therefore their sides are proportional ; hence — 
GA; _ AC / _ AC 

AA' ~ CO °'' F CO 
therefore / x CO = F x AC 
In like mamier the triangles hb'b and bcq are 
similar; 

hence 5?! = 5? or, / = 5^ 
BB' CO F CO 
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therefore / X CO = F X BO 

consequently F X AC =« F X BO 

Hence tlie distances o b and o a are inversely propor- 
tional to the forces. 

Conversely, a given force r may be decomposed into 
two parallel forces f and f', such that r = f + f' and 
fXao = f' X BO. 

By adding f' X a o, or f X b o to both sides of the 
above equation, we obtain — 

?L JL F + F __ _E^ 

CA "" CB "" CA + CB "" AB 

Hence F-AB = RAC and FAB = RGB. 

Again, let b be a point in ab produced (Fig. 28), 
then by subtracting the equation ^ A C b 

F-AB = R-CB """>^>. / 

from the identity (F + F) -BE / "'V^^ 

= R-BE we obtain ^/ W F' 

FAE + FBE = ROE Fig. 28. 

Composition of Unlike Parallel Forces. 

40. Let F and f' be unhke parallel forces, of which 
F is the greater (Fig. 29). 




The force f may be de- 
composed into two forces; 
one represented by bb' / 

at B equal and opposite / 

to p', and the other equal 
to F — f' at a point o, 
such that, 



G 

r 



B= F— F 

Fig. 29. 
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(F— FO -OA = F -AB ; or FAO — F OB 
The forces at B will be in eqmlibriam, and an effective force 
remains at G eqnal to F — F'. This, then, is the resnltant B of 
the forces F and F. Therefore the resnltant of two nnlike 
parallel forces acting at points A and B is eqnal to their 
difference, and acts in the direction of the greater, through a 
point G, fonnd by producing the line A B on the side of the 
greater force, so that F : F' : : CB : CA. 

From this proportion we obtain 

Z. __ J! F — F' E_ 

CB "" CA "° GB — CA "^ AB* 

The forces F and F' are here supposed unequal ; two equal 
and unlike parallel forces form what is termed a cov/ple, and have 
not a single resultant. 

lb find the magnitude and position of the resultant of 
any number of parallel forces in the same plane. 

41. Let Fi F2 . . . Fn be the forces, those acting towards one 
direction being positive, and those in the opposite direction being 
negative. Let a line A B be drawn so as to intersect the direc- 
tions of all the forces. Take a point of reference E on A B, and 
let dj, ds, .... dw be the distances 01' the forces from the 
point E measured along A B, distances to the right being positive, 
and those to the left of E negative. Let B, be the resultant of 
the first two forces, B3 the resultant of the first three, and so on, 
and let 9*3,9*3, be the corresponding distances from E. 

By § 39 Fi + Fa « R, 

B13 + Fg =« Bj 



Bw-l + Fn = E-n 
By adding these equations and remarking that B,, B3, . . . 
B»_i will occur on both sides the result, and will therefore cancel, 
we obtain 

Fi + Fa + F3 . . . + Fn = En (1) 

Again by $ 39 we also have 

Fj-di + Fj-dj — Ea'r 



IU-i-r»-i + Fn-d'* =^^nrn' 
By adding these equations we obtain 

Fi'di + Fa'dj . . . + Fn'dn + = En^n (2) 
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Let hb write 2 F*d for the sum of all the products of which 
F-d is the type, then 2F'(i = R-r = r-2 F. 

Equation (1) determines the magnitude of the resultant, and 
Equation (2) the point in AB through which its direction passes. 

42. To find the magnitude and position of the resultant 
of a number of parallel forces which act on a rigid 
body. 

Let Fi, Fj, .... Fn* be the forces; it maybe shown pre- 
cisely as above that B = 2*F. 
As the forces act on a rigid 
body w^e have to consider the 
positions of the points of appli- 
cation. Let the distances of the 
points of application from a fixed 
plane be p^, p^, . . • ^n* Let 
Fi, Fj, act at points A and B. 
Let a plane through AB, per- Fig. dO. 

pendicnlar to the plane of reference, cut that plane in a b, and 
let the lines AB, ab, meet in E ; then by § 39, F^-AE + Fj-BE 
= Bg'GE J but if rj, r,, . . . **n» are the distances of the points 
of application of the successive resultants from the phuie of 
reference, 

BE : AE : OE :: Pa : Pi : r,. 

Therefore '^I'Px + FjPa = Rjrj. 

Similarly B2**a + ^zV% = B-s ^j. 




Bw—i r„_i + F«pn = B^rn. 
By adding, therefore, we obtain 

FiPi + Fji^a + ....+ F„p„ = E„rn 
2F-p = r-E = r'2F. 
This equation determines r, the distance of the point of appli- 
cation of the resultant from the plane of reference. 

If 0, v* ^i be the values of p for three planes at right angles, 
and 0, y, z, the values of r, 

2Fa?=a-2F ; 2Pt/==y-2_F ; 2F« = »-2F. 

These equations determine x, y, and z, and therefore the position 
of the point. 

It is important to notice that the equations are not altered 
by changing the directions of the forces if the points of 
application are kept in the same relative position ; hence 
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the resultant of a system of parallel forces acting at 
different points in a rigid body passes through a faced 
point the position of which is independent of the direction 
of the forces. This point is termed the centre of the 
forces. 

43. As an example of the resolntion of parallel forces let it be 
required to decompose a force F applied at A into three others, 
•^iffff-^t applied at three given points B, G, D, in a plane which 
is not parallel to the direction of the force F (Fig. 81) ; join B A 




Fig. 81. 

and decompose F into F' at B, and B at E, in the straight lines 
B A and CD. Now resolve the force E into F" at C and F"' 
at D. Then F=F'+F'+F". These forces possess the fol- 
lowing remarkable property. Since the triangles A D, BCD 
have the same base CD, they are to one another as their 
heights, or as the lengths A £ and B £ ; hence 



AE 
BE 



AOD 



bnt jT 



F* AE 



BE t^^'^^o'e F 



F* AOD 



BOD """ F ■" BE -*-*-*"*^ F - BOD 
The forces F'' and F"' give similar relations, and therefore 
F F' F'' _ F"' 

"bod ^ AOD '^ 51d " ABO 
If the force F be represented by the area of the triangle BOD 
the components will be represented by the areas A D, A B D 
and ABO. 
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Exercises. 

1. The smalleT of two like parallel forces of 24 and 80 lbs. 
respectively is 5 inches from the resultant, what is the distance 
between the larger force and the resultant ? — Ans. 4 in. 

2. The resnltant of two forces is 66 lbs. ; the smaller force is 
^ of the resultant and is distant from it 3 ft. 6 in. ; find the 
other force and its distance from the resnltant. — Ans, 86 lbs., 
2 ft. 11 in. 

8. The perpendicular distance between two like parallel lorces 
of 1 owt. and 20 lbs. respectively is 2 ft. 9 in. ; find the distande 
between the smaJler force and the resnltant. — Ans. 28 inches. 

4. Two like parallel forces which act at the extremities of a 
rod 5| ft. long have a resnltant of 1 cwt. ; one of the forces is 
35 lbs. ; find the distances of the points of application of the 
forces from that of the resnltant. — Ans. 20 and 44 inches. 

5. AB is a rod acted on at A and B by like parallel forces P 
and Q. C is the point of application of their resnltant B. Given 
that E = 154 lbs., Q = 99 lbs., AC = 5^ ft. j find AB.— ^ns. 
98 in. 

6. In the last example, given that A B == 16 in., H = 104, and 

- « i ; find P, Q, A 0, and C B.—Ans. 39 lbs., 65 lbs., 10 in., 
Q 5 

6 in. 

7. If P and Q are nnlike parallel forces, and AB a straight 
line meeting P in A, Q in B, and B in C. Given that P ~ 15, 
Q = 21, and A = 14 in. ; find B O.—Ans. 10 in. 

8. If P = 33 lbs., R = 6 lbs., and A B « 4 in. ; find AC— 
Ans. 18 in. 

9. Two like parallel forces act at points in a rigid rod which 
are respectively 7 and 17 inches from one end ; the forces are 
13 lbs. and 17 lbs. ; find the distance of the point of appUoation 
of the resnltant frt)m the end of the rod. — Ans. 12f in. 

10. At points equally distant on a rod 20 inches long, weights 
of 1 lb., 2 lbs., 3 lbs., 4 lbs., and 5 lbs. are suspended. The rod 
is to be supported by a single thread ; at what point must it be 
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tied that the rod may remain horizontal ? — Ans. 18^ in. from the 
end. 

11. A weight of 14 cwt. is carried by two men on a rod 8 ft. 
long. The weight is hnng from the middle ; one man is 1 ft. 
from one end and the other 2 ft. from the other end of the rod ; 
find the weight borne by each. — Ans. '9 cwt. and '6 cwt. 

12. A B G D is a square ; forces act along the sides having the 
directions and proportions as follows : — From A to B, 3 lbs., frt)m 
B to 0, 4 lbs., from D to C, 7 lbs., from A to D, 6 lbs. j find 
the magnitude and direction of the resnltant. — Ans. 10/^ 2 lbs., 
and acts parallel to the diagonal of the sqnare. 

13. A force of 37*5 lbs. acting at a point D in the triangle 
A B C, is to be resolved into three parallel forces, Fi at A, Fs at 
B, and Fj at C ; find the magnitude of F3, having given A B » 73, 
B = 75, A = 52, AD == 19, and B D = 60.^Ans. 95 lbs. 
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44. Suppose a rod o d, capable of turning about the 
fixed point o, to be acted on by a force p, the tendency 
of the force to turn the rod about o depends on the 
magnitude of the force and on its distance from the 
point o. ^Ve might, for example, double this ten- 
dency, either by doubling the force or by keeping the 
force the same and causing it to act at twice the dis- 
tance from o. Hence the tendency of the force to 
turn the rod about o is measured by the product of 
the force by the perpendicular o d. 

The product of ani/ force v by the perpendicular from 
a point on its direction is termed the moment of the force 
with respect to the point. 

Thus if A M represent the force p (Fig. 32), the 
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Fig. 32. 



force about a 



moment of f about o is am X od. 
is numerically twice the area of the tri- 
angle having the line representing the 
force for base and the given point for 
apex. 

We show therefore that the moments 
of two forces are equal when we prove 
the equality of the triangles formed by 
joining the extremities of the lines re- 
presenting the forces to the given point. 

It is evident that the moment of a 
point in its own direction is zero. 

It is convenient to consider moments in one direc- 
tion, as, for example, that of the hands of a clock as 
positive, and moments in the opposite direction as 
negative. 

When two forces act on a particle the moments about 
a point in the direction of the resultant are equal, 

45. Let M be the particle and f and f' the forces 
(Fig. 33). Complete the parallelogram and take any 
point D in the resultant, we shall prove that the 
moments of f and f' about this 
point are equal by proving that 
the triangles amd, bmd are 
equal. Now the perpendiculars 
from A and b on mo are equal, 
and we may regard m d as the 
common base ; hence the triangles ' 
having the same base and equal 
heights are equal, and therefore 
the moments of the forces about 
the point d are equal. Fig. 33. 
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The above is a particular case of the following propo- 
sition : — 

46. The moment of the resultant of two forces acting 
on a particle about a point in their plane is equal to the 
algebraical sum of the moments of the forces. 

Let M B and h a represent the forces and m o their 
resultant. 

1st. Let the point o be without the parallelogram 
A M B (Fig. 34). Join the point o with the angular 

points of the parallelogram 
and also project these points 
on any line kl perpendicular 
to MO. Now the moment 
of the resultant about o is 
twice the triangle o m o, and 
the moments of the forces 
twice the triangles omb and 
o M A. All the moments are 
in the same direction, hence 
we shall prove the pro- 
position when we show that 
o M B + o M A. The side o m may be taken as 
the common base of all the triangles, and then the 
heights are respectively k o', k b', and k a'. Since b o 
and ma are equal and parallel their projections are 
equal, and therefore k a' = o' b'. 
Now KG' = KB' + CB' 

= KB' + KA' 
Multiply by OM 

therefore kc'xom = kb' x om + ra*xom, 
and these products are twice the areas of the triangles ; 




Fig. 34. 



o MO 



M0MBNT8. 
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hence the moment of the resultant equals the stun of 
the moments of the forces. 

2nd. Let the point o be within the parallelogram 
(Jig. 35). 




In ihis case the moments of the resultant and one 
force are opposite to the moment of "the other force; 
hence we have to prove that the triangle m o o = tri- 
angle MOB — triangle h o a. 

As before B'C=KA' 

KG = KB' — B'G 
= KB' — KA' 

therefore KC'XOM=KB' OM — KA'XOM. 

Hence the proposition is fully proved. 

The preceding proposition is also true when the forces 
do not meet, thus : — 

47. The algebraical sum of the moments of two parallel 
forces about any point in their plane is equal to tV^ 
moment of their resultant. 
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Tjet F f' be like parallel forces, and b their resultant, 
(Fig. 28) ; then we have seen that if e b be any line 
meeting the forces in the points a, b, o, f*ab + 
f' be = B'EO ; and since every line from e catting 
the forces will be divided proportionally to b b, the 
perpendicular e 5 is so divided ; hence we obtain. 

In Hke manner the proposition may be proved for 
unlike parallel forces, and may be extended to any 
number of forces. 

It follows that when any number of forces are in 
equilibrium, the algebraical sum of the moments about 
any point is zero ; when the forces have a resultant, 
the sum of the moments about a point in the resultant 
is zero ; when the forces are equivalent to a couple, the 
moment never vanishes but is the same for every point 
in their plane. 

When several of the forces acting on a body are un- 
known, we can frequently find an equation involving 
only one of the unknowns by taking moments about 
some point through which this force does not pass. 

Example. A beam a b has one end attached to a 
hinge a, and the other end attached to a cord b o, one 
end of which is tied to a peg. The weight of the beam 
is 50 lbs., and may be supposed to act at its middle 
point. The beam and cord make angles of 60° on oppo- 
site sides of the vertical. Find the tension of the cord. 

Here then are two unknown forces, the reaction of 
the peg R, and the tension of the cord t. If, however, 
we take moments about the hinge, we shall obtain an 
equation not involving r, for the moment of R about 
Ms point 18 zero. 
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Let 2 Z=tlie length of the beam ; draw a vertical 
line through the middle point of a b to represent the 
direction of the weight. The perpendicular on this line 

■^~ 'Z; hence the moment of the weight 



from A is 



about A is 25^3'/. 

The perpendicular on the direction of the cord is W3 
and therefore the moment of the tension is t * Z>/3. 

Therefore t • Z = 25 'Z 
and T = 25. 




To determine the proper sign of each of the moments 
imagine the line drawn from a to the force to be a rod 
jointed to the fixed point a, then if the force would 
tend to turn this rod in the direction of the hands of a 
clock make the sign of the product + , but if the 
force would tend to turn the rod in the opposite di- 
rection, then make the product — , as in the following 
figure : — 

- + — + 



A^ 



a. 



Ar«- 



a 




\ 



>r t 



^ A 



Exercises. 

1. Two equaH forces act at an angle of 6^** •, O 'la «»^c>m\. «^^ 
tiiAi the pezpendioTdoTB from it on the dsiecdona oi VS[i^ ioxofia «t«k 
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xespeotiToly 5 ixl and 2 in.; find the distance of the reenltaiit from 
the same point. — Ans. ^/3, or 2} * y/'i, 

2. Three forces, P, Q, and B, acting on a point are in eqni- 
librimn ; the ratio of the moments of B and Q about a point 

4 P 8 

in the line bisecting the angle between them is ~ : ^ e* ~ and 

B " 20 lbs. Find P and Q.— ilns. 12 lbs. and 15 lbs. 

8. Forces of 10 lbs. each act in order along the sides of a 
regolar hexagon ; find the snm of the moments about one of the 
angnlar points, each side being 1 foot in length. 

4. ABO is an isosceles triangle, and D any point in the base 
B C. If equal forces act along the sides A B, A, prove that 
the sum of the moments about D is independent of the position 
ofD. 

5. Three equal forces act in order along the sides of an equi- 
lateral triangle ; show that the sum of the moments about any 
point within the triangle is invariable. 

6. If the algebraical sum of the moments of two forces about 
two points be the same, prove that the line joining these points 
is parallel to the resultant. 

7* A circular disc, of radius V^^^ inches, in a vertical plane 
is movable about an axis through the centre. From the extre- 
mities of two radii at right angles to each other, weights of 14 
and 18 lbs. respectively are suspended ; find the depths of the 
points of suspension below the horizontal line through the 
centre. — Ans. 9 and 7 inches. 

8. In pulling a weight along the ground by a rope inclined to 
the horizon at an angle of 45° a power of 40 lbs. is exerted ; what 
force applied horizontally would drag the body P — Ans. 28*28. 

9. Two forces which are to each other as 2 to y/Z act upon a 
point, and produce a force equal to half the greater ; find their 
inclination. — Ans. 150°. 

10. A thread 12 feet long is fststened at points A and B in the 
same horizontal line 8 feet apart. At C and D, points 4 feet and 
5 feet respectively from A and B, weights are attached ; what 
must be the ratio of the weights that G D may be horizontal ? — 

-«//w. 27 to 8, 
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48. When a body is kept at rest under the action of 
several forces, it frequently happens that the reaction 
of one or more surfaces assists in preserving equi- 
librium. This reaction acts in a direction perpendicular 
to the surface. Thus, when a sphere rests on a hori- 
zontal plane the reaction of the plane is evidently equal 
and opposite to the weight. When the surface of the 
body is in contact with the plane in many points the 
reaction of the plane is distributed over these points. 
We cannot generally find out the pressures at the par- 
ticular points, but the resultant of these pressures must 
act vertically upwards through the base of the body. 
Again, suppose the body pressed against the surface so 
as to be at rest, the various points in contact present 
reactions which have a resultant equal and opposite to 
the resultant of the forces pressing the body against 
the surface. 

49. Sometimes the reaction of the surface is sue) 
as to permit displacement only in certain directions. 
The body is then said to be constrained. Suppose, 
for example, a ring m to be sup- 
ported on a metallic rod bent into 
the form of an arc a b (Fig 86). If 
a force f be applied at the point h 
perpendicularly to the curve, the ring 
will not be moved, for the force 
makes equal angles with the two ^^* ^®* 
directions in which the point might be ^«^wi^^^ wA 
there is no reason why it should miONQ in oxift xcksst^ \>Ms:a. 
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Fig. 37. 



in the other direction. The reaction of the curve mast 

therefore be equal to — f. 

Suppose now a force f applied at m in another 

direction (Fig. 37) ; this force may 
be decomposed into two, one t along 
the tangent to the curve, and the 
other N along the normal (i.e. the 
perpendicular to the tangent). The 
component t tends to displace the 
point, and the part n is counteracted 
by a reaction — n equal and opposite 
to it. 

50. Consider now a rigid body having one point in it 
fixed (Fig. 38) ; the body can turn only about this point. 
Let a force f act at another point in the body, if the line 
of direction of this force pass through the fixed point, 
we may suppose the force to act at that point, and it 
will then be in equilibrium with the resistance. If the 
line of direction of the force do not pass through the 
fixed point, the body will evidently turn about that point. 

51. If a body have two points, a b, fixed, the line 
joining them is fixed, and the body is capable of 
moving only about this line. Suppose a force f 
applied at a point m in the body so that the axis a b and 
the direction of the force are in the same plane (Fig. 39). 
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If the line of direction of the force meet the axis in 
the point o we may transfer the point of application to 
c, and the force will there he counteracted by the 
reaction of the fixed axis. If the force be parallel to 
the axis it tends to turn the body in the plane asm, 
but this tendency is evidently counteracted by the 
reaction of the fixed points. If a force be applied at 
H perpendicular to the plane abm, it has a moment 
about a point on the axis not counteracted by the 
reactions at a and b. 

If the force be neither in the plane a b m nor per- 
pendicular to it, suppose a plane containing the line of 
direction of the force and perpendicular to the plane 
ABM to intersect the latter in the line cm, we may 
replace the force by two others in the same plane, one 
in the direction of o m, the other perpendicular to it, 
the first being counteracted by the reaction of the axis, 
the second tending to turn the body about the axis. 
The product of the latter component and the perpen- 
dicular distance of m from the axis is termed the 
moment of the force about the line a b. 

52. The moment of a force with respect to a line 
may be thus defined : — 

If the force he resolved into two components^ one in the 
same plane as the line and point of application of 
the force and the other perpendicular to this plane, the 
product of the latter component hy the perpendicular 
distance of the point of application of the force from 
the line, is the moment of the force about the line. 

It is evident that if the point of application of a 
force be moved parallel to the fixed ^li^, wA^OckftVst^'^ 
parallel to itself, the moment lemam^ \Itift ^waa. 



50 EXERCISES ON THE REACTION OF SURFACES. 

Hence, if a body having a fixed axis be acted on by 
a system of forces, and the points of application of the 
forces be projected on a plane perpendicular to the axis, 
we may suppose the forces to act at these points with- 
out disturbing the effect of the forces. We may then 
conclude that the algebraical sum of the moments of the 
forces about the axis is equal to the moment of the resul- 
tant ; and if the algebraical sum of the moments vanish, 
the forces are in equilibrium. 

Exercises. 

1. A cord is tied to the end of a smootli rod, inolined &t an 
angle of 45° to the vertical, and supports a ring weighing 3 lbs. 
through which the rod passes ; find the pressure on the rod, and 

3 

the tension of the cord. — Ans. -— ■ lbs. 

2. A beam, A B, rests with one end, A, against a smooth ver- 
tical wall, and the other end, B, on a smooth horizontal plane ; 
it is prevented &om sliding by a cord tied to one end of the beam 
and to a peg at the bottom of the wall; the length of the beam 
is 10-6 feet, and the length of the string 9 feet. Suppose the 
weight of the beam to be 112 lbs. and to act vertically through 
its middle point, and show that reaction of wall = tension of 
string = 90 lbs. ; reaction of plane = weight of beam. 

3. Show from article 51 that if three forces acting at different 
points in a rigid body keep it at rest they must lie in the same 
plane. 

4. Explain the action of the rudder of a boat. 

5. Three smooth vertical posts are fixed at the angles of an 
equilateral triangle, and a cord is passed round them, to each 
end of which a force of 100 lbs. is applied ; find the pressure on 
each post. — Ans. 100* V3. 

6. If the posts form a square and the cord passes twice round 
the square, find the pressure on each. — Atis. 200 'V^. 

7. A Bialmg reaael moves in a direcUon.'ma\ax\g ^ixv «iXsa^A «acL^« 
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with that of the wind; explain the action of the forces which 
produce this result. 

8. Explain the action of the forces bj which a kite is supported 
in the air. 

9. A ladder, the weight of which may be regarded as a force 
acting at a point one-third the length from the foot, rests with 
one end against a peg in a smooth horizontal plane, and the 
other on a wall. The point of contact with the wall divides 
the ladder into parts which are as 1 : 4 ; having given that the 
ladder weighs 120 lbs., and makes an angle of 45° with the 
horizontal plane, find the pressure on the peg. — Ans, 25 lbs. 

(Take moments about the top of the wall. Then if P = 
pressure on the peg, and B = the reaction on the horizontal 
plane, we obtain B — P = 70. Now resolve the forces in the 
direction of the ladder, therefore P + B = W = 120.) 

10. In the above case find the reaction of the wall. — Ans, 

25V2. 

(Take moments about the foot of the ladder.) 

11. If a weight of 10 lbs. be hung at the smaller end of the 
ladder, what will be the whole pressure on the horizontal plane ? 

12. A boat which is under the action of a S.E. wind and S. 
current is attached by a cord to a fixed point. The tension of 
the cord is 150 lbs. and its direction 20° from the south. Show 
by a oonslxuction how to find the forces of the wind and current. 
—Ans. 72J lbs. ; 192 lbs. 

13. If a straight rod be balanced on a point, and weights of 
1, 2, and 3 lbs. be suspended at distances of 6, 12, and 18 
inches from the point in one direction, and 2, 3, 4 lbs. at dis- 
tances of 4, 10, and 12 inches in the other, find where a weight 
of 1 lb. must be placed so as to keep the rod at rest. — Ans. 2 in. 
from the point. 

14. A cord, C B, has one end, C, attached to a point in a vertical 
wall, and the other end, B, to the extremity of a beam, A B, 
which rests against the wall. If A = 5 ft. 5 in., A B = 8 ft. 
1 in., and weighs 130 lbs., find the length of B, neglecting th* 
friction between the wall and beam. — Aus. \4&*^ m^Jsi^'a. 

25. A sphere weighing 200 lbs. xeste "b^^ec^Vi^o ^^»k^ '"^s^* 
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dined to the horizon at angles respectively of 30° and 60® ; find 
the pressnres on the planes. — Ans. 100 lbs. and 173*203 lbs. 

16. A beam, A B, is placed with one end, A, inside a hemis- 
pherical bowl, and a point, C, in it, resting on the edge of the 
bowl; show, by a constmotion, how to find the inclination of the 
beam, friction being neglected. 

17. If the radios of the bowl be 10 fb., and the beam make an 
angle of 30° with the horizon, find the length of the beam. — 
An§, 13i V3 or 23*094. 

18. A B C is a triangle capable of moving abont the right angle, 
B, in a vertical plane ; find the ratio of the weights which mnst 
be attached to A and C, that the side A G may be horizontal, 
having given that AB = 6*15 and AG « 9*53 inches. — Ans. 
615« to 728«. 
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53. The attraction of the earth T^hich causes a body 
to have weight, acts on every particle of the body; 
thus, if we take a stone and pound it into small frag- 
ments the sum of the weights of the small particles 
will be equal to that of the whole stone. 

If one of these particles be attached by a fine thread 
to a fixed point o, the thread will take the direction of 
the vertical through o. If several of them be sus- 
pended from points near together, the threads will be 
parallel. When therefore the particles are united so 
as to form the body, we may regard their weights as a 
system of parallel forces. 

Suspend the body by a point A (Fig. 40), the re- 
sultant of the weights of the paxlicVea Vi5X^i^ ^^-aX. ^.'Ci 
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their sum, and will hare the direction of 

the vertical through A. Saspend the 

bodj again from Another point ; the 

weight of each particle will have the 

same magnitude and the same point of 

application sb before, but the direction 

of the forces with regard to the body 

will be changed. The reault ia the p. ._ 

same as if each force had been turned 

aboat its point of application ; hence the new line of 

support or direction of the resultant will interBect the 

old one in the centre of the forces. If the body were 

composed of a plastic material, and pierced in the 

direction of the line of support in severat difierent 

positions, all the lines of perroration would intersect 

in a common point. This point is termed the centre 

of gravity of the body. We are led therefore to the 

following definition ; — 

M, The resultant of a system of parallel forces acting 
oa a rigid body passes through a jtxedpoint theposilion 
of whick is independent of the direction of the forces. 
If Ike forces be the weights of the several elements of 
the body, the fixed point is termed the centre of gravity. 

When a body is suspended from a point a it com- 
ports itself as if its weight were concentrated at the 
centre of gravity a. We may consider therefore that 
two forces act upon it — the resultant weight along the 
vertjcal through a and the reaction of the point of 
snpport along the rertical through a. When a and 
a are in the same vertical line the body is at rest ; 
hence, if the C. 0> be supported, the whole bod; will 
be sappoited. 



54 CENTRE OF GRAVITY. 

We will now consider the position of the centre of 
gravity in certain figures. 

The process of finding the centre of gravity of a 
number of isolated particles is precisely the same as 
that of finding the centre of a system of parallel forces. 

We shall be concerned only with bodies through the 
volumes of which matter is distributed uniformly. 
Such bodies are termed homogeneous. A solid 
body is homogeneous when any two parts of equal 
volume are exactly of the same weight. The deter- 
mination of the centre of gravity of a homogeneous 
body is therefore a purely geometrical question. The 
weights of different portions will be proportional to their 
volumes ; hence we may treat the volumes as the forces. 

Again, consider a very thin sheet of metal, or paper, 
of uniform thickness. The weights of any two por- 
tions will be proportional to the areas ; hence we may 
treat the areas as forces, and seek the centre of gravity 
of the surface. 

In like manner if we take a very thin wire of uni- 
form thickness, the weights of difierent portions will 
be proportional to their lengths. We may therefore 
find the centre of gravity of a heavy line. 

55. The following considerations will assist ns in 
solving problems connected with the centre of gravity. 

1. If a body be symmetrical about a plane, the C. G. lies in 
that plane. Every particle on one side corresponds to an equal 
particle on the other. Hence the C. G. of every pair of particles 
lies in the plane, and, therefore, so also does the C. G. of the 
whole. 

2. It follows that if a body have two planes of symmetry, the 
C. G. lies in this line of intersection ; and if it have three planes 
of symmetry intersecting in two lines, tlie C. G. ia ^t thA "^in!!* 

where the lines cut one another. 
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3. If an area be sjxmnetrical about aline, tlie C. G. lies in that 
line. 

4. If a body have a centre of figure, that is, a point such that 
all lines drawn through it to the outline of the figure are bisected 
in the point, the centre of figure is the C. G. 

For any two lines drawn through this point will contain figures 
on opposite sides of the vertex, in every respect equal. If any 
point in one of these figures be joined with the corresponding 
point of the other, the line drawn will be bisected by the centre, 
therefore the line joining their C. G.s will be bisected by the 
centre of figure. Consequently, this point is the C. G. of the two 
figures ; similarly it is the C. G. of every other pair included by 
lines through the centre, and therefore it is the C. G. of the 
whole. 

From these facts we may conclude at once that — 

1. The C. G. of a straight line is its middle point. 

2. The C. G.of the circumference or area of a circle is the centre. 

3. The G. G. of the perimeter or area of a parallelogram is 
the point of intersection of the two diagonals, for this point is 
the centre of figure. 

4. The G. G. of the volume or surface of a sphere is the centre. 

5. The C. G. of a right circular cylinder is the middle point 
of the axis. 

6. The G. G. of a parallelepiped is the point of intersection of 
two diagonals. 

To find the C. G. of the SurfiEice of a Triangle. 

56. Let ABO be the 
triangle (Fig. 41). The 
C. G. may be found 
experimentally thus : — 
Suspend it by one of 
the angles, a, from a 
point o, and mark on 
the triangle the line a d 
in the direction of the 
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plumb-line tbrongh o. Take off the triangle and sus- 
pend it by another point b. Draw b e on the direction 
of the plumb-line, intersecting a d in a point o. The 
point is eyidentlj the 0. G. If the triangle be again 
suspended, the line of support will pass through o. It 
will be found that b and d bisect the sides a o and d c. 
Hence to find the 0. G. of a triangle, join the middle 
points of two sides with the opposite angles. 




To prove the above Proposition Oeometrically, 

57. Join A with the middle 
. point D of the base (Fig. 42). 
Take any number of points b' b" 
b''' in A B, and through them draw 
parallels to b o and ad, so as to 
form a series of parallelograms. 
AD divides the parallels bo, bV, 
<&c., in the same proportion; since 
it bisects one of them, b c, it bisects all the others, and 
hence the centres of all the parallelograms lie on the 
line A D. This will be the case whatever may be the 
number of the parallelograms. Their sum is always 
smaller than the triangle, but approaches nearer and 
nearer to it as the number of divisions in a b is in- 
creased. Since the C. G. of the sum of the parallelo- 
grams lies in a d, therefore the 
G. G. of the triangle is in a d. 
Similarly the C. G. lies in the 
line B E drawn from b to the 
middle point of ao. It must 
therefore be at o, the point of 
intersection of the Vno \vxk&^^ ki> 
and B E. 
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Join DB. Since the triangles, oed, gab are 

... CD DE .... , 
similar, -^ =5 -r-p 5 ^^^ si^ce the triangle dgb is 

similar to a o b 

DG _ DE ^ ^ DG CD 1 
_ ^ _ therefore ^Q = CB = 2 " 

Therefore DG = ^ AG or ^ AD. 
Hence the C.G,ofa triangle is in the line joining the 
apex with the middle of the base, and at one-third of its 
length from the base. 

To find the C. O. of three equal Particles placed at 
the angles A B C of a Triangle. 

58. The resultant of p at b and p at o will be 2 p at 
D (Fig. 43), and the C. G. of 2 p at d, and p at a 
is at a point o, such that d o equals -^ a a. Hence the 
C. G. of the three equal particles coincides with the 
C. G. of the triangle. 

To find the C. G. of the Perimeter of a Triangle. 

59. The C. G. of each side is 
at its middle point. Hence we 
have to find the C. G. of forces 
acting at the middle points a' b' 0' 
of each side, and being propor- 
tional to the lengths of the sides 
(Pig. 44). Join the points a' b' 
c'. The C. G. of the forces at c' 
and b' is at a point d, such that 

DB^^AB ^AB AW 

DC'"' AC " -^A0~ AlC 




58 CENTRE OP GRAVITY. 

Hence the C. G. of the whole perimeter is in the line 
a'd. Since the line a'd divides the base c'b' into parts 
proportional to the sides, it bisects the angle a!. Simi- 
larly we may show that the C. G. lies in the line bisect- 
ing the angle b'. Now the intersection of the bisectors 
of two angles of a triangle is the centre of the in- 
scribed circle ; hence the C. G. of the perimeter of a 
triangle coincides with the centre of the circle inscribed 
in the triangle, whose angular points bisect the sides of 
the original triangle. 

To find the C. G. of a Triangular Prism. 

60. Suppose one of the triangular bases a b o divided 
into parallelograms as in Fig. 42, and imagine planes 
to pass. through their sides parallel to the edges of the 
prism (Fig. 45), these planes will form a series of 




Fig. 45. 

parallelopipeds within the prism. The C. G. of each 
tfHJ be in the plane a' a d which bisects the sides parallel 



CKKTBB or GRATIIT. 59 

to B o, and in the plane abc which bisects the lateral 
edges of the priem. The C. G. of the whole ia there- 
fore in the line of interBectioa a d, whatever bo the 
unmber of the parallel opipeds ; hence the C. U. of the 
prism will be in this line. 

Similarl; it may be shown that the C. G. of the prism 
isin.b e; it is therefore at a, the C. G. of the triangle 
ai c. The point a is eTidently the middle point of 
ihe line o o*, which jwna the C. G.s of the two ends. 

The same rule applies to any prism whatever, for 
snch a prism may bo decomposed into triangular prisms, 




all the C. G.s of which lie in a plane ah cde, 
parallel to the bases, and cutting the line joining the 
C. G.s of the tiro ends in the middle jcimt Q (^"ift. ^S^- 
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To find tbe 0. GF. of a Triang-nlar FTramid. 
61. Let 8 A DO be the pyramid. Find d the O. Q. 
of the base, and join b d. Suppose a nomber of planes 
drawn parallel to the base and intersecting Qio other 
faces of the pyramid, and also other planes through 
the lines of intersection parallel to a d. These planes 
enclose a series of prisms, all the C.G.s of which lie on 




Kg. 47. Pig. 48. 

the line s d. Hence whatever may be the number of 
prisms, the C. Q. of their snm is in the line s d, and 
therefore the C. G. of the pTramid to which their snm 
approaches lies in the same line. Sinulatly, if e be the 
middle point of the edge d c of a pyramid A b o d and 
Si ffi tilt C. G.H of two adjacent faces (Fig. 48), the 
C. G. of the pyramid lies in both the lines a^j Bg^, and 
is therefore at their point of intersection g. Now the 

triangles a b e, e j^ ;, are similar, hence -^^ >= -—sr 
•= Y' ^^^^ *^s triangles a bo, gig,<Jwo BtmiM, 
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therefore 4# = 4^- Hence ^^G — i of AG 
A±> A(jr 3 

= — of A g^. The C. O, of the pyramid is therefore 

in the line joining the C. G. of the base and the apeXj 
and at one-fourth of its length from the base. 

It will be seen that the C. G. of the pyramid coin- 
cides with the C. G. of equal weights placed at the four 
comers. 

To find the C. O. of a Pyramid with Polygonal Base. 

62. Decompose the solid into triangular pyramids 
by planes passing through one edge s a. Take a point 
a in 8 A such that a a = :|^ s a. A plane through this 
point parallel to the base will cut the pyramid in a sec- 
tion similar to the base, and will divide all lines from s 
to the base in the same proportion. Hence the C. G. of 
each pyramid coincides with the C. G. of the triangular 
section. Therefore the C. G. of the whole pyramid lies 
in this plane and coincides with the G. G. of the whole 
section. 

Now the C. G.s of the similar sections will be 
similarly situated ; hence if o be the 0. G. of the base 
the line s a will intersect the plane of the section in g, 
its centre of gravity. Hence the C, G. of every pyramid 
18 in the line joining the C, G. of the base with the 
apex at one- fourth of its length from the base. 

We may consider a cone as a pyramid with a great 
number of faces ; hence the C. G. of a cone is in the 
line joining the C. G. of the base with the apex at one- 
fonrth of its length from the base. 

To find the C. Q. of the Surface oi a 'B'^^xdI^. 
6S. If the point a be taken, so ttxaA, ^Ka='«»o.^ 
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and a 5 be drawn parallel to a b, a plane through a h 
parallel to the base will cut all lines from s to the base 
in the same proportion, and will therefore contain the 
C. G.s of all the triangular faces. If the pyramid be 
regular it will be symmetrical about planes intersecting 
in the line joining the centre of the base and the apex. 
Hence this line will contain the C. G. of the surface at 
one-third of its length from the base. 

It follows that the C. G. of the convex surface of a 
right circular cone is in the line joining the centre of the 
base with the apex at one-third its length from the base. 

Properties of the Centre of Gravity. 

64. We have seen that when a body is suspended 
from a point the vertical through that point must 
contain the C. G. of the body. The same is true when 
the body rests on a point. 

If the body rest on more than one point in the same 
horizontal plane the resistances at these points will be 
like parallel forces and will therefore have a single 
resultant parallel to them. The direction of this re- 
sultant will lie within the base formed by the points ; 
hence the vertical through the C. G. of the body must 
fall within the base. 

The force required to move a body may vary with 
the position of the body. Let a b cd (Fig. 49) be the 

section of a prism resting on 
a horizontal plane. Turn it 
about one edge a. The C. G. 
describes a circle, and the force 
required to move it decreases 
„. .g as the C G, ascetv.d^\ m cAJast 

-words, tlae 8tabilitt| oi^^\io^l 
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I the C. G. is TMsed. When the C. <?. 
airiTes at the position a' in tlie Tertieal through a, 
the body reaches the limit of stability. In this position 
the eqnilibrinm is tnathematically possible, for the re- 
eiatance of the surface through a will be in the same 
straight line as the C. G. The slightest force will be 
snfBcient to move the body, and when distorbed it will 
fall away from this position. 

65. When a body in equilibrium would return to its 
original position if slightly displaced, the equilibrium 
ifi said to be stable ; when the body would fall away 
from its first position if slightly displaeed, the equi- 
librium is said to be unstahle. 

Remark that there is eqnili- 
brinm only when the C. G. 
occnpies the lowest or highest - 
passible position, and the equi- Fjg. so. 

librium is stable in the first posi- 
tion and unstable in tho seeond. Hence every body 
sospended from a point is in stable equilibrium, and 
every body supported above a point or line is in un- 
stable equilibrium. 

Consider now a sphere resting on 
the reaction of the plane and the w 
will act along the same straight 
line in every position. If there- 
fore the sphere be slightly dis- 
placed it will have no tendency 
either to iretnm to or move away 
from its first position. Its C. G. 
will neither be raised nor lowered. 
Tbs eqailibnum in this case is 
neufral. Whea the body rests on 'Sis. "EiV- 
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an iuclioed plane (Fig, '51), it ia gtill necessary that 
the rertical throngh its C. G. shall fall witliin the base. 
Let OD represent a piiam, and a b its base on an in- 
clined plane ; the resultant of the resistance offered bj 
the points in contact perpendicular to the plane will 
evidently pass throDgh a point in a b. If the body be 
prevented from sliding by the ronghnese of the plane, 
the perpeadionlar reaction of the plane and the force 
cansed by this roughness meet in a point in a b, and 
have therefore a resultant through the same point. 
That this resnitant may be in eqnilibrinm with the 
freight, the vertical through the C. G. of the prism must 
evidently fall nitlun a b. If the C G. be at g, the 
eqnilibrinm vill be stable, if at o' unstable, and if at 
a" the body will fall. 

66. The neceaeit; of beeiODg the C. Q. so that the vertical 

thrangli it ahall &11 nithin the baaa fanned by the pointa 

of support bas oonBtantl; to 

a''^ be ooneidered. When a man 

^tfj/yB^^ liand, tto C. G. of the whole 

J^^^^H X^ tha load, and he naturaUy nuses 

^^■H ^^K the other side, thne malciiig tlie 

^^^^^Km^B^^^^ farmed b; his feet. If ha 00117 
^S^^^^^^^S^^^^i'li the harden on his back, fas 

■^„ g2_ in front, he leans bock. In 

every ca^e the load nod the 

b^arm forat s whole and tliB 0. G. d5 tlia -w^oie » i«5\».ea4 on 
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bring the ii< 



tiie nde of tlie load bo that it 
0. 0. over Uia bass of sapport. 

OoniicleT now a oart with (iwo wheels ; if the Tertdcal Uitoagh 
file C. G. of the loaded oart bH in the line joimng the puinta of 
oontMt of the wheels and grormd, the weight is «np- 
ported b; Uia road ; in de- 
Mending ui indioe the Tertioal 
throogh the 0. Q. nill &1I 
in front of thia line, and part 
of the weight mnst be borne bj 
the horse ; in an aacent Qie 
0. G. &lla behind, and the load 
tends to lift the horse. Wben 
tlie oait is properly loaded oi 
horiiontal road, Uie vertieal 
throngh the 0. Q. &lla near Fig. 53. 

the middle of the line between the wheels, lint on a road inelined 
towards one side the vertical falls nearer the lower wheel. So 
long as it does not pass the lowest point of this wheel eqnilibrium 
is maintuned, but aa soon ae It passes it the cart is OTertomed 
The higher the G. Or. is abore the ground the sooner ia this 
position reached. 




To find, geometrically, the C. O. of any rectilineal 
figure. 



67. Consider first a qnadrilateral, 
A B o D (Fig. 54) . Join a c, and find 
o,, a„ the C. Q.b of the triangles 
ABO, ADC. The C. G. of the whole A" 
mnBt be in the line o, Og. Now join 
B D, find Of 04 of the triangles bad, 
bob: the C. G. of the whole must 
be in the line g, 04. It is therefore 
at ibar point ofintersectiory. 
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If the figure have five sides we can divide it in two 
ways into a triangle and a quadrilateral, and join 
their C. G.s. 

From a pentagon we may proceed to a hexagon, and 
80 on. 

» 

To find the C. O. of a part of a body. 

68. When we know the volume and position of the 
C. G. of the whole body, and the volume and position of 
the C. G. of a part cut off, we can find the C. G. of the 
remainder. 

Let v be the volume of the whole, Vi of the part 
cut off, then v — Vi is the volume of the remainder. 
Ijet a be the distance between the C. G. of the whole 
and that of the part cut off, and let x be the distance 
between the C. G. of the remainder and that of the 
whole ; then v may be considered as the resultant of 
parallel forces v and (v — vj at distances a and x 
from it. 

Therefore Vi a = a? • ( V — Vi) 

Hence a; = =; 



v-v, 

As an example, let it be required to find the C. G. of 
the trapezoid a b d c formed by cutting off a triangle 
E A B from a triangle b c d by a line a b through the 
middle points of the sides c e, d e. 

Let M be the middle point of c d, and let a = the area 
of BCD, then ear = :J*a, and abdc = J a. Let 
E M == a, then the C. G. of the whole is § a from b, 
and the C. G. of the part cut off ^ a from b ; there- 
fore the distance between them is -^ a. 
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Hence - x 7r = TAxa? and a? = -- 
4 3 4 y 

69. We may, however, take the distance of the C. G.s 
from a fixed line, or a fixed plane, and form the equa- 
tion thus : — Let a = the distance of the C. G. of the 
whole from the line, a^ the distance of the C. G. of the 
part cut ofif, X that of the part left, 

then V X a = (V — Vj) x + Y^ x ai 

V-a — ViOi 

For example, find the C. G. of a conical shell con- 
tained between two right circular conical surfaces, having 
the same axis, the outer diameter of the shell being 
8 in., the inner diameter 6 in., and the height of the 
whole 12 in. Since the heights are proportional to the 
diameters of the bases, the height of the cavity is to 
12 as 6 to 8 ; hence it is equal to 9 inches. 

The volume of a cone the height of which is h, and 

radius of base r == tt * r* ^. 

o 

Hence the volume of the solid contained by the outer 

conical surface = tt * 64, and that contained by the 

inner surface = x * 27, therefore the volume of the 

shell = TT • 37. The C. G. of the whole cone is 3 in. 

from the base : that of cavity 2\m. from the base. 

Hence 7r-64x3=7r-27x2i + 9r-37xa; 
And X = 3^^^^ =the distance of the 0. G. of the shell 

from the base. 
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Exercises. 

1. Find the C. G. of two solid bodies of 12 lbs. and 20 lbs. 
respectively, the line joining their centres of gravity being 2 ft. 
Sin. 

2. Tbe distance of the C. G. of two heavy particles from the 
greater is 5 inches, the particles are respectively 60 and 72 
grammes ; find the distance between them. — Ans. 11 in. 

3. Weights of 2 lbs., 4 lbs., 6 lbs., and 8 lbs. are placed so that 
their C. G.s are in a straight line, and 6 inches apart ; find the 
distance of their common centre of gravity from that of the 
larger weight. — Ans. 6 in. 

4. Find the C. G. of the remainder of a square when one of 
the triangles into which the diagonals divide it is taken away. 
(§ 58) — Ans. If a = the side of the square the C. G. is ^ from 
the centre. 

5. A B C D is a quadrilateral in which the base A D is double 
each of the other sides ; find the C. G. ($ hS)—Ans. ^ths of the 
height from the base. 

6. If three men support a triangular board at its three comers, 
what portion of the weight will they bear ? 

7. A figure is formed of a square and an isosceles triangle, 
equal in area to half the square on one of the sides ; find the 
distance of the C. G. of the whole from the common side. — Ans. 
^ths of the side. 

8. The middle point of one side of a square is joined with 
the middle points of the adjacent sides, and the triangles thus 
formed cut off; find the 0. G. of the remainder. — Ans. If a be 
the side, the G. G. is §■ from the centre ($ 58). 

9. A mass of granite, 20 ft. long, 4 ft;, wide, and 2^ ft. high, 
rests on three props of the same height, two being placed at the 
comers of one end, and the other at the middle point of the 
opposite end of the base. Having g^ven tWt o. (svxb\& €oot of 
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granite weighs 2625 oz., find the pressure on each prop. — Ans. 
236250 and 118125 oz. 

10. Two spheres tonch one another, find the distance of the 
G. O. from the point of contact, the radii being respectively 8 in. 
and 12 in.* —Ans, 7^ in. 

11. Find geometrically the C. G. of weights of 3, 4, 5, and 
6 lbs. placed at the comers of a square, the side of which is 1 ft. 

12. Find the G. G. of two blocks of marble of the same uni- 
form density, the lower one being 4 ft. long, 4 ft. broad, and 
2 ft. thick, and the npper 8 ft. long, 2 ft. broad, and 2 ft. thick, 
and an edge of the npper lying along an edge of the lower, so 
that the centres of the two edges coincide. — Ans. The G. G. is 
6 in. from the centre of the npper fia^e of the lower block. 

13. A ladder 25 ft. long, weighing 60 lbs., and having the 
0. G. 5 ft. from one end, is carried by two men at the ends ; 
what weight is borne by each P — Ans. 48 lbs. and 12 lbs. 

14. Find the G. G. of a nniform circular disc out of which 
another circular disc has been cut, the diameter of the latter 
being a radius of the former. 

15. Find, geometrically, the G. G. of a heavy bar, 10 ft. long, 
bent so as to form an angle 4 ft. from one end. 

16. If A B G be a right-angled triangle, p, q and r weights at 
the angles, find the distance of the G. G. of the weights from 
the angle A, having given A B =» 80 in., B G = 39 in., G A 
= 89 in., jp = 15 lbs., g = 14 lbs., r = 12 lbs. — Ans. 52 in. 

(Find first the G. G. of q and r and its distance from A.) 

17. If two triangles stand on the same base, the line joining 
their centres of gravity is parallel to the line joining their 
vertices. 

18. A circular table, weighing 168 lbs., is supported on four 
legs in the circumference which form a square ; find the least 
weight which being at the circumference will overturn the table 
—Ans, 406 lbs. 

19. Three equal weights are placed at distances of 120° on the 

♦ The voL of a sphere = ^ x r^ ( y- is an approximation to 
w), nnd the vols, of spheres are as the cubes oi^i)ti€a t^lQccu 
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oiroomferenoe of a circular table; wliat must be the magiiitade 
and position of a fonrth weight wHch will bring the G. G, of the 
whole to the centre of the table ? 

20. A disc of lead, 20 inches in radius and 2 inches thick, is 
laid on another disc 40 inches in radios and 3 inches thick, so 
that the circumference of the upper disc passes through the 
centre of the lower ; determine, geometrically, the G. G. of the 
whole. 

21. Why is it more dangerous to place luggage on the top of a 
coach than in the body ? 

22. Explain how the properties of the 
centre of gravity are possessed by the point 
G of the figure (Fig. 55), which is not in 
the body itself. 

23. Show that if a triangle be im- 
mersed in water so that the angular points 

are at distances below the sur&ce equal to 8, 7 and 6 inches re- 
spectiyely, the G. G. is at a depth of 7 inches. (Apply first f 68 
and then f 42.) 

24. If a triangle be so situated that the distances of its angnVT 
points from a fixed plane are respectiyely h, h, and I, show that 
the distance of its G.G. from the same plane ia^ {h+ h + T)» 

25. If the crescent in the above figure (Fig. 55) be contained 
by two arcs, one of which is a semi-circumference of radius a, 
and the other the arc of a quadrant, prove that the distance of 
G from the line joining the points of the crescent 
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having given that the distance of the G.G. of any segment from 
the centre of the circle of which it is a segment is proportional 
to the cube of the base divided by the area of the segment. 
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IX.— THE MECHANICAL POWERS. 
Madiines* 

70. An instrnment for transmitting a force from one 
point to another, or for changing the direction of 
motion^ is a machine. 

Any machine, however complex, is composed of a 
nnmher of parts termed the simple mechanical powers. 

Let ns consider, for example, a flour mill. (Fig. 56.) 
On the left of the figure is the water-wheel, to which 
motion is first communicated. The moTing force of 
the water is transmitted hy the axle a to the first 
vertical toothed wheel, and hj it to the horizontal 
toothed wheel attached to the axle b, which also carries 
a large toothed wheel c. This wheel communicates 
with a smaller one on the same shaft as the mill- 
stone, capable of being moved up and down upon the 
shaft. Thus there are three distinct parts to the 
machine ; (1) the axle a, with its two wheels, the water- 
wheel to which the moving power is applied, and the 
toothed wheel to which is applied the resistance to be 
overcome ; (2) the axle b, to the lower wheel of which 
the power is applied, and to the upper the resistance ; 
(3) the axle n with a power- wheel moved by the wheel c, 
and the millstone to which is applied the final re- 
sistance. Now from the wheel which receives the force 
of the water to the stone which grinds the com, the 
parts of the machine are so connected that the 
uniform movement of one part secures a like 
movement of the whole, and the equihbrium of the 
whole implies the equilibrium of each part. To 
trace the conditions of equilibrium oi «v\Odl ^ TSJkaj^wsftfc 
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it is only necessaTj therefore to study the eqmlibrinm 
«f the simple machines. 

71. It will be expedient to omit in this investigation 
eereral things wbich mnat be considered before a prac- 
tical application of the principles can be made. For 
example, we shall first take no account of the friction 
between the diETercnt parts of the machine. Except 
where the contrary is stated, we shall neglect the 
neight of the machine itself. Cords and chains will be 
treated as if they had neither stiffness, thickness, nor 
weight. The consideration of these resistonces is for 
the present deferred. 
72, The force applied is tecViiaoB.Xi's <i«!ie& ftis 
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powetj and the resistance, whatever may be its nature, 
is termed the load, or weight. 

The condition of equilibriam in each machine will be 
expressed by stating the ratio of the power to the weight. 

The Ijever. 

73. Any rigid rod movable abont a fixed point is 
termed a lever. That there may be equilibrium with 
such a machine the forces acting on it must admit of 
a resultant passing through a fixed point in the lever. 
This point is termed thejulcrumy and the resultant of 
the force is the pressure sustained by the fulcrum. 

Levers are usually 
classified according to A T B 



P 



the position of the fixed ^ ^ JL '^ 
point. If the fulcrum 

be between the power ^ -^ j £ 

and the weight, the lever JL "^ 

is of the first kind. If oQ ^r 
the weight be between -^ 



the fulcrum and the 



power, the lever is of the -j^ 5^^ 

second land. If the power 

be between the fulcrum and the weight, the lever is 

of the third kind. 

The crowbar of the mason, used as in Fig. 58, is a 
lever of the first kind. 

The loaded barrow raised, as in Fig. 59, is a lever of 
the second kind. 

The treadle of a sewing-machine is a lever of the 
third kind. 

First, let as suppose tlie powet mA n^«v^dX» \.^ \i^ 
parallel forces. 
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Let p and q be respectively the power and the weight 
applied at the points a and b. Let o be the fdlcmm, 
and let Ao^a, Bo^ft. Then, bj the principle of 




parallel forces, whichever kind of lerer we consider, the 
equation of eqnilibrium will be 

P-c = Q-i. 

The presanre on the fblcnim in the lever of the first 

kind (rig. 57 L) is p + q; in the lever of the second 

kind (V^g. 57 IL), « — p; in th»t otthe third kind 

"V'57irj.;, p— Q. 
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In all cases the greater force is attached to the 
shorter arm, so that q is greater or less than p, 
according as a is greater or less than h. Hence, in 
lever 1, p may be greater or less than Q;inleYer2, 
since a is the whole rod p is necessarily less than q ; 
and in lever 3, f is necessarily greater than q. K 
the forces be not parallel (Mg. 60) still the moments 




Fig. 60. 

abont the fnlcram in opposite directions mnst be eqnal, 
hence v p = Q' q. To find the magnitude and di- 
rection of the pressure on the fulcrum o, suppose the 
forces p' and q' at o equal and parallel to p and q, 
then R, the resultant of these forces, will be the pressure 
on the point o. 

Balances. 

74. The balance is a lever of the first kind, having 
equal arms. The ordinary balance consists of a metallic 
bar termed the beam (Fig. 61), supported on a stand 
(c) by a sharp edge, called a knife edge, fixed hori- 
zontally in the middle of the beam. Attached to the 
beam at right angles is a needle or la&^TL^ ^Y^^S^tsv^-h^"^ 
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over a graduated arc, and is vertical when the beam is 
horizontal. Two dishes or scales (jb, b) for receiving 




Fig. 61. 

the weights are suspended from the extremities of the 
beam, also upon knife edges. These edges form the 
points of application of the weights. The distances of 
these points from the central edge are the arms of the 
balance. When equal weights placed in the scales 
always cause the beam to remain horizontal the balance 
is true. When this is not the case the balance is 
false. 

To investigate the requisites of a good balance. 

75. 1. When the scales are empty, the beam shonld 
be horizontal and index vertical. If the balance be 
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disturbed, the index should return again to the same 
place when the motion of the beam has subsided ; hence 
the equilibrium should be stable. To secure this the 
C. G, of the beam and its appendages should fall a little 
below the knife edge. 

2. When equal weights are placed in the scales the 
index should be vertical ; hence the arms must be of the 
same length. 

3. When the weights are unequal, the balance should 
easily indicate the inequality. The facility with which 
the index is turned from the vertical in such a case is 
termed the sensibility/ of the balance. The sensibility 
depends on two things. (1) The longer the arms, the 
greater will be the moment due to the excess of weight; 
hence the arms should be as long as possible. (2) When 
the beam is displaced, its weight tends to bring it back 
to the first position, and the greater the weight of the 
beam the less the amount of displacement caused by a 
given inequality in the weights ; hence the weight of the 
beam should be as small as possible. 

4. The moments of equal weights about the point of 
support should be the same, not only when the beam 
is at rest horizontally, but also when it is disturbed ; 
hence the points of suspension of the scales should be 
in the same straight line as the point of support. 

76. A form of balance now very commonly used is 
that indicated in Fig. 62. The dishes in this case are 
placed above the beam, so that the articles to be 
weighed may be more easily placed in them. The 
equality of the arms is here as indispensable as in the 
conmion balance. To prevent the scales from over- 
turning^ they are supported by tofe, -^^lvJcl ^^"sr«^\ 
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into the stand, and are attached by joints at their 
extremities to a second beam equal in length to the 




Fig. 62. 

first. Though this balance is more convenient, it is 
less exact than the ordinary balance. 

77. To test a balance, all that is necessary is to take 
weights apparently equal, and to transfer them. If 
they be not really equal, but appear so only in conse- 
quence of the inaccuracy of the balance, the fact will 
be made apparent when each is moved to the opposite 
scale. 

The exact weight of a body may however be found by 
the aid of a false balance. Place the body to be weighed 
in one scale, and as much of some substance (sand for 
example) in the other as will make the beam hori- 
zontal. Now take out the body, replacing it by such 
weights of known value as will balance the sand. The 
sum of these weights will be the weights of the body. 
We maj-y howeyer, find the tme freight of a body by 
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weighing it in both scales. Let a and h be the arms 
of the balance, w the true weight of the body, x the 



Fig. 63. 

weight at h which balances w at a, and y the weight 
at a which balances w at h. Then, wa s= x'h 

and Yf'h = ya 
On multiplying these equations we find that 

w = s/xy, 
78. The common steelyard is a balance with unequal 
arms (Fig. 63). On one side of the knife-edge o, which 
is the fulcrum of the lever, the weight p remains the 
same, but its distance o m varies ; on the other side, 
the weight suspended from the edge a may be changed, 
but the distance a o is constant. The condition of equili- 
brium, if we suppose the 0. G. of the machine to be 
at o, will be q*a o = p'o m. As q varies on the one 
side, OM may he made to vary on. tti^ aOa.«t^ ^ci ^'aX. 
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the Bune weight p may bal&nce various weights sus- 
pended from A. For example, let p in one position m 
balance 1 lb. ; then, in a position k" such that o m' = 
2-oH, p will balance 2 lbs. If the CO. of the bar 
and its appendages be not at o, bat at a, for example, 
then the moment of the weight of the bar w will be in 
the same direction as that of q, and the condition of 
eqnilibrinm will he q'a o + wo o ^ p-m o. 



Weighing HaohiiteB. 

79> When the weights are considerahle, machines 
composed of several levers are employed. Such is the 
weighing machine indicated in Fig. 64. It is com- 




posed of three levers ; a o movable abont the point o, 
aV movable about o', and e d movable about d. The 
lever XD bears the platform upon which the object to 



WEIGniNG UACIIINES. 



81 



be weighed is placed. The point d is the extremity of 
a rod fixed to the lever o a', the lever a c is bound to 
the others by the vertical rods a a' and b e, the extre- 
mities being hinge-joints. A scale at c contains the 
weights. 

Let p be the weight of the body, and p that of the 
weight in the scale c. Let Pi be the pressure on d and 
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Fig. C3, 



b', Pa the pressure on a and a', Pj the pressure on n 

and B. 

L From the equilibrium of d e we have p*d m = 

Pa'D E. 

11. From the equilibrium of a'o' wc have Pi'o'u' = 

Pq' o'a'. 

III. From the equilibrium of a c we have p2*A o + 

Pg'OB =jp-oc. 

Also Pi = p — pj, hence from I. we have 

PDM 'OB' 

^z=^^y from 11. P, = P, -^ = 



DE 



O'A 
ME O'B' 



O'A' ^ DE O'A 
Hence, snbstituting in III., 



p'OC 



ME 
BE 



O'W .^ ^ DM ^-, 



O'A 
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= P ■ OB • 



-- = 1 



hence-; 



I ME O'B' AO DM1 
t DE ' tfA' ■ OB ■*" DE ( 
Now the balance is eo constructed that 

_0A _ o^A; _oa _ _ffB' 

OB ~ O'B' ^' OB ' O'A' ' 

ME _o;b; _ao dm _ 

' DE ' O'A' ' OB "^ DE ~ 
ME DM _ _DE^ _ 
DE * DB DB ~ 
and ;> ■ 00 = P ■ OB. 

It is evident, then, that if the arms o o and o b bs 
taken so that o o = 10 ■ o b, then p in always lOp, or 
if oc = lis ■ OB, r is as man; cwts. aBjiislbs., and 
similarly any other proportion may bo secured. 



The Wheel and Axle. 

SO. The wheel and axle is only a modification of the 
lever. This machine consists of two cylinders, a b and 
en, of diCferent radius (Fig. 66), haWng a common 
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axis ; the smaller being termed the axle, and the larger 
the wheel. A cord is wound round the wheel in one 
direction, and another cord round the axle in the oppo- 
site direction. To the former is attached the weight q, 
and to the latter the power f. Suppose r and q to be 
both vertical and represent the 
instrument as seen in the direc- 
tion of the axis (Fig. 67). We 
have two parallel forces, f and q, 
acting at the extremities of two 
arms, ob, oa, of a lever. The 
condition of equilibrium is there- 
fore F • o B = Q • o A, or, if R 
and r be radii of wheel and axle, " Fig. 67. 

F • R = Q • r. 

If the power does not act vertically but in the direc- 
tion of the tangent at another point, as f' (Fig. 67), 
then f'*r is the moment of f' about o, and since f'r 
= F R, in this case also 

f'* R = Q T. 

81. Instead of a wheel, one or several levers, /, /, 
(Fig. 68), may be placed in the axle as in the 
windlass. 

82. When the axle is vertical, and the levers hori- 
zontal, the machine is termed a capstan (Fig. G9). 

Toothed Wheels. 

83. Several wheels and axles are frequently com- 
bined by means of spur wheels (Fig. 70). Several 
conditions must be satisfied in each pair of ^hft^U. 
The teeth on each wheel must be eqviaV \.o oiva ^vi^a^^-t^ 
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and equttlly distant, and the teeth of one wheel should 
be of the same Eize, and ae far apart as thoae of the 
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"wheel in contact with it. The number of teeth will 
therefore be proportional to the circumferences or the 
radii of the wheels. 




Equation of equilibrium for two-toothed wheeh\ 

Suppose two such wheels to be in equilibrium with a 
weight "w at the axle of the larger, and Wj at the axle of 
the smaller. Let the radii of the wheels be Ri and Bj, 
and let the radii of both axles be r. Also let p be the 
reaction between the wheels at their point of contact. 

The equilibrium of the larger wheel gives Wi*r — p'Bj 

The equilibrium of the smaller . , . W2T = r*B2 

- Wi Ri ___ No. of teeth in larger. 

Wa Bg ^0' o^ teeth in smaller. 

84. Sometimes the teeth are placed on a straight 
bar instead of a wheel. Such a toothed bar is termed 
a racky and the wheel in contact with it is called a 
pinion. 

The jach (Fig, 71), used for lifting great weights 
through a small height, is a rack and pinion. The 
handle by which the rack is raised is termed a winch. 

The instrument is an example of a double "^Ix^^^V^XiL^ 
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Figa. 71 and 72. 
axle ; the wlncli takes the place of the first wheel, tlic 
lower pinion being its axle. The upper pinion is the 
second axle and supports the rack. The large toothed 
wheel of the upper axle works in gear with the lower 
pinion. The two pinions are nsnalty, as in the &gaie, 

To find the equation of equilibrium. 
Let p he the power applied to the winch, v/ the weight 
of the rack and its load, a the radius of the winch, b the 
radius of the large toothed wheel, r the radius of each 
pinion, and it the mntnal reaction between the first 
pinion and the large wheel ; then from the equillbrinm 
of the first axle we have r'a = KT, and from the 
equilibrium of the second axle we have w ■ 6 ^= e ' r. 
ap-a=^wb. 
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Exercises. 

1. A weight of 30 lbs. balances a weigbt of 20 lbs. at the ex- 
tremities of a straight lever 15 feet long ; find the length of the 
arms. — Arts, 6 feet, 9 feet. 

2. The arms of a lever are 7 in. and 9 in. in length, and the 
weight 3 lbs. is attached to the shorter arm ; find the power. — 
Ans. 2} lbs. 

3. If one end of a bar rest on a beam and a weight of 50 lbs. 
be suspended from it at one-fifth of its length from the beam, 
what power at the other end will support the weight, and what 
will be the pressure on the beam ? — Ans, 10 lbs., 40 lbs. 

4. A beam 44 ft. long is supported horizontally by two props 
at its extremities and produces a pressure of 4 lbs. on each prop; 
where must a weight of 36 lbs. be placed that the whole pressure 
on one prop shall be 10 lbs. ? — Ans. 9 inches from one prop. 

5. When two weights, 15 lbs. and 5 lbs., are suspended at the 
ends 6t a lever, the fulcrum is 9 feet from the smaller weight ; 
where must the fulcrum be when the weights ore each increased 
6 lbs. ?-~Ans, 4 ft. from one end. 

6. The G. G. of a wheelbarrow and its load, which weigh 
100 lbs., is in a vertical line 18 inches from the centre of the 
wheel ; what power applied to the handles at a distance of 3 ft. 6 in. 
from the centre of gravity will just lift the barrow ? — Ans, 
30 lbs. 

7« A beam 12 ft. long balances about its middle point ; about 
what point wiU it balance if a weight equal to twice that of the 
beam be placed at one end ? 

8. A beam A 6 10 ft. long and weighing 5G lbs. balances about 
a point 3 ft. from A. When a weight is placed at B, the beam 
balances about a point 1*4 feet from B ; find the weight. — Ans, 
224 lbs. 

9. The pressure on the fulcrum is 7, and the sum of the forces 
13 ; find their distance from the fulcrum when the forces are 14 
inches apart. — Ans, 6 in. and 20 in. 

10« Find the true weight of a BubstaiiCQ 's^\£LO[i)^'Wi^^vs&R&V\&^ 
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one scale of a balance, seems to weigh 140 grammes, and in the 
other appears to weigh 154*35 grammes. — Ans. 147 grammes. 

11. If in a balance one arm be *98 of the other, and a body placed 
in the scale of the shorter arm balance 14*7 kilogrammes in the 
other scale, find the trae weight of the body. — Ans, 15 kilo* 
grammes. 

12. The beam of a false balance is attached to one arm of a tme 
balance, and weighs 2 lbs. A body placed in one scale of the 
false balance requires a weight of 8 lbs. in the other, and then 
the whole weighs 7*9 lbs. ; find the weight of the body and the 
ratio of the arms. — Ans. 2*9 lbs. ; 80 : 29. 

13. The weight of a steelyard is 1 lb., the movable weight also 
I lb., the point of suspension of the body 8 inches, and the C. 6. 
cf the beam 3 in. from the fulcrum; graduate the beam for 
weights from 1 to 12 lbs. 

14. What effect is made on the graduations by increasing the 
movable weight ? 

15. With a wheel and axle a power of 8 lbs. sustains a weight 
of 12 lbs. ; what is the radius of the axle, that of the wheel being 
24 in. ? — Ans. 16 in. 

16. The circumferences of wheel and axle are respectively 
1 yard and 15 inches; what power will sustain a weight of 
1 i tons ? — Ans, 125 cwts . 

17. Find the pressure on the catch of a ratchet-wheel (Fig. 72) 
12 inches in diameter when it is attached to an axle 5 inches in 
diameter, sustaining a weight of 60 lbs. — Ans. 25 lbs. 

18. A capstan turned by two horses is used to draw in a boat ; 
the levers to which the horses are attached are 12 feet long, and 
the radius of the axle is 18 inches. When each horse is pulling 
with a force of 7^ cwts., find the tension of the cord attached 
to the boat. — Ans. 6 tons. 

19. A uniform bent lever, the weights of whose arms are 5 lbs. 
and 10 lbs., rests with the shorter arm horizontal, what weight 
must be attached to the end of the short arm that the lever may 
rest with the long arm horizontal ? — Ans. 37^ lbs. 



83. A pallej ia a cir-- 
color disc of metal or 
wood, capable of turning 
ronnd an axis paSBing 
throagli its centre. Usd- 
all; a groove is cut in 
the disc to keep a card 
vhich passes over the 
pallej from Elipping off 
(Fig. 73). Sometimes, 
however, the cord is 
replaced hj a strap, and 
then the edge is convex 
CFig. 74). 

Tlie pulley may bo 




with equal arms, a o, 
OB (Fig. 73), so that 
forces p and p" in equi- 
librium, at the extremi- 
ties of the cord, are 
equal. 

Whether the two parts 
of the cord be parallel 
or not these forces aro 
eqaal, so that if one end 
of the cord be attached 
to a dyuameter (Fig. 
76), ihe indication of 
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rig. 73. 




Pig. 76. 




Fig. 77. 



the instrument will be 
the same as if a weight 
equal to p were attached 
to it directly. A pulley, 
the axis of which is fixed 
in space (Fig. 73), is 
termed a>&re(f pulley, and 
in mechanics serves the 
purpose only of changing 
the direction of the power. 
If the axis be movable, 
the pulley is termed a 
movable pulley. 

Let such a pulley with 
a weight q attached, be 
supported by a cord 
CBAD (Fig. 77), fixed 
at a point o, and having 
at the other extremity a 
force p. The cord b o 
exerts a certain pressure 
T on the fixed point o, 
and this point reacts 
with a force equal and 
opposite. The pulley is 
then supported by the 
three forces p, t, and q, 
which may be supposed 



to act at the points A b ando. That there maybe 

equilibrium it is necessary that the directions of these 

forces shall meet in one point (§ 29). Let i be the 

Tjolni in the direction of q, in "whicli r and t meet. 
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The triangles o a i and o b i are equal in every respect, 
and therefore o i bisects the angle a i b. It follows 
tiiat the forces p and t are equal, and, consequently, 
if we ^now the angle i, and the weight q, we can 
find p, or if we know p and the angle i, we can find 
Q. When the cords a-d, bo are parallel, q is the 
resultant of two equal parallel forces, «nd therefore 
2 p = Q. In this case the pressure on the fixed point 
G is also equal to ^ q. 

Several movable Pulleys with separate strings. 

86. In this system of pulleys each movable pulley 
has a string of its own, one end of which is attached 
to the beam, and the other end to the next pulley, the 
power being applied to the free end of the cord passing 
over the highest pulley (Fig. 78). If we neglect the 
weights of the pulleys, and take t, t', t" to represent 
the tension of each separate cord, then 

and T" = P ; hence P = j Q. 

O 

If there be n movable pulleys, then P = — -Q. 

If we are required to take into account the weights 
w W vf" of the pulleys, then 

T =^ (W+Q);T'= ^(W' + TJ;P = | (W" + T) 

therefore if there be 7i pulleys 




Eeverol movable Pulleys in one block, the aame 
string passing round all. 

87. In this case ne snppose the parts of the string 

I>etween the pullejs to be parallel. The tension of the 

string is the same throughout, and is equal to p ; hence, 

if, as in the figure (Fig. 79), there are three movable 

pallejB, six parts of the string snppott the weight, 
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eacli bearing j; hence p = J q. If there be n strings 
from the lower block 

P = ^ Q. 

n 
The weight of the pnlley will be taken into acconnt 
by adding it to Q« 



Exercises. 

1. A movable pulley supports a weight of 5 V^ l^s. and tlie 
two parts of the cord ma^e an angle of 60° ; find the power. 

Three forces act at the point I (Fig. 77), it will be convenient 

to take moments abont a point in the direction of one of them. 

Let B be the point chosen, then the moment of T about B 

isO. 

1 
The perpendicular from 6 on O I as -o -^ B. 

Since L A B I = 60° the triangle A B I is equilateral, and 

V3 
the perpendicular from B on A I = —^ A B. 

Hence Px-AB=Qx - AB 

^ V3 1 

P X ::|-=5V3 X J 

therefore P=5. 

2. Find the power which will support a weight of 611 lbs. 
with three movable pulleys, having separate parallel cords 
attached bj one end to the beam, the pulleys taken in order from 

i^e lowest weighing respectively 7, 5, and % \\)a. 
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611 

7 



309 
5 



^)^^^ The formula of $ 86 shows that the 

power will be found by adding the weight 

of the lowest block to the load Q, and 

*^ dividing by 2 ; adding the weight of the 

■^^ next pulley, and again dividing by 2 j and 

—— — 80 on for all the blocks. 

2)160 

80 

3. In the last example if the weights of the pulleys are 8, 
6, and 4, and P = 34 lbs., find the load. 

84 X 2 



68 
4 



64 X 2 Here the process is reversed, instead of 

dividing by 2, we multiply ; instead of 
adding the weights of the pulleys we sub- 
2 tract them, commencing with the highest. 




236 



4. What power will sustain 1 ton with a block and tackle, 
the block containing 3 sheaves (pulleys) ? — Ans. ^ ton. 

5. What is the weight of a block containing 4 sheaves, by 
means of which 20 lbs. will balance 140 lbs. ? — Ans. 20 lbs. 

6. If 4 movable pulleys are used with the arrangement repre- 
sented on Fig. 78, and the weights taken in order from the 
lowest, are 7, 3, 8, and 5 lbs., find the power which will sustain 
a weight of 395 lbs. — Ana. 30 lbs. 

7. In the above case, find the pressure on the beam. — Ans. 
448 lbs. 

8. Which would be the most advantageous arrangement of the 
4 pulleys ? 

9. A man weighing 154 lbs. sustains a w^i^VA cil^'^A Ya^.^w>I&i. 

3 movable pvLllejs, each having a Be\>w:a.\.Q «X.Tmf2^ ^iSC^^^jSaa^ ^ 
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one end to the beam. The pulleys weigh respectively 3 lbs., 
2 lbs., and 1 lb. ; find the pressure exerted by the man on the 
floor on which he stands. — Ans. Ill lbs. 

10. If the man in the above example exerts a pressure on the 
floor of 100 lbs., what weight does he sustain ? — Ans. 421 lbs. 

11. Find the power which will sustain a weight of 90 lbs. with 
a single movable pulley C, the cord making an angle of 60°. — 
Ans, SOy/S. 

12. Two pulleys A and B fixed to a beam at a distance equal 
to the diameter of either of them, are used with a movable 
pulley of twice this diameter to support a weight Q. The 
cord is fixed by one end to C, passes round A, then round C, 
then round B j find the power. — Ans, J Q. 

13. With a system of pulleys in which a separate 
string passes round each pulley, and is attached 
by one end to the weight, show that if we neglect 
the weights of the blocks the tensions in the differ- 
ent strings are 

P, 2P, 4P, 8P, &c 
and that W = P(l + 2+2*+ &c.) 

14. In the above system if there be n pulleys 

W = P (2« — 1). 

15. If W = 147 lbs., A = li lbs., and B « 
24 lbs., find 'P.—Ans. 20 lbs. 

16. If in this system there be 5 pulleys, and 
the weights of the 4 movable blocks commencing 

j^^'S ^^^ ^^6 lowest be 2, 3, 4, and 5 lbs., find the 
weight which will be sustained by a power of 
12 lbs.— J.US. 440 lbs. 

17> Show that this arrangement possesses the 
advantage over that represented in Fig. 78, that 
in the former case the weights of the blocks assist 
the power, and in the latter oppose it. 
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The Inclined Plane. 



88. If a body be pressed against a hard smooth 
surface, the resistance offered by the surface will be nt 
right angles to it. When therefore a body is placed 
on a smooth horizontal surface it may be supported, 
for the weight and the reaction may be in the same 
straight line, and if they be equal and opposite will then 
be in equilibrium. When, however, the plane is 
inclined, a third force will be necessary to produce 
equilibrium. 

Let M be a body of weight w, supported on a smooth 

inclined plane a b, by a force f, the direction of which 

meets the vertical through the C. G-. of the body in the 

point o. That there may be equilibrium, the forces 

must admit of a resultant b along the normal to the 

surface, hence they must be 

in the same plane as the 

normal. Take a line o d to 

represent the weight, and 

through D draw d e parallel 

to the force p and meeting 

the normal in e, then the 

sides of the triangle ode * j,. go^ 

represent the forces. 

n^ r F DE , R EO 

Therefore _ = ^^ and _ = -j^ 

The sides of the angle dob are respectively perpen- 
dicular to the sides of the angle a, and, consequently, 
these angles are equal. The angle o e d is e(\ual to IIa 
an^le between the force p and t"\\^ lioxm^jX \ \iR:vsR5^*0sNRk 
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triangle o d e is determined when we know the weight, 
the inclination of the plane, and the direction of the 
force. There are two cases in which the solution of 
the triangle is very simple. 

ist. When the force f acta in a direction parallel to 
the plane. 

B In this case the angle dec 
is a right angle, and the tri- 
angle o D E is similar to the 
triangle a b c, the side d e 
c corresponding to b c, and d o 
Fig. 83. to A B. 

Let 7i = B C, the height of the plane ; 
/ = A B, the length of the plane ; 




ft = A C, the base of the plane ; 



, , F DE 
therefore -r^ = 



Be 



h^ 
I 



DO AB 

2nd, When the force p is horizontal. 

In this case the angle 

ODE is a right angle, 

and o E D is similar to 

ABC, D E corresponding 

to B G and o D to A c. 

BC _ h 
^ ""ft* 




Fig. 84. 

F 



Therefore :^ 
W 



DE 



DO 



AC 



In all these cases the plane is supposed to be fixed. 

In the second case, instead of the plane being fixed 

and the body movable, the plane may be movable 

horizontally and the body vertically. In this case 

the borizonial force must be api^lied to the plane 
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(Fig. 84) instead of to the body. The condilion of 
eqailibrinm remaina the same, uamely, that 



Iho Wedge. 

80. A wedge is a triangular prism nscd as a moTable 
inclined plane, and is employed to sepa- 
rate bodies that are urged together by 
great pressures (Big. 85). The resis- 
tances to be overcome act perpendicu- 
larly to the faces in contact with the 
body, and the force is usually applied , 
perpendicularly to the base ; hence a section Fig. 8 
of the wedge perpendicular to the faces sostaining the 
pressure is a triangle, the sides of which are perpen- 
dicular to the forces, and therefore, when there is equi- 
librium, proportional to the forces. Let p bo the 
pressure necessary to keep the wedge in its place, 
R the pressure on each face, b the breadth of the bose 
of the triangular section, I the length of one of the 
equal sides ; the equation of equilibrium is therefore 

It I 

In practice, hoirever, tLe friction between tlie snr&cea plays 
■ncli Bu important part, and is eo large computed with tLe 
power, that the above proportion cannot be applied with any 
degree of accnraoy. Agtun, the power xnnallj employed with 
the wedge ie not preeenre bnt percDSBion, and we cannot aocn- 
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when friction is neglected is also found to be tme in practice, 
Tiz.that the more acute the angle of the wedge the more powerful 
is the instrument. 




The Screw. 

90. When an engineer wishes to 

make a road to the top of a very steep 

hill, he carries the road round the 

hill, making it ascend gradually. In a 

similar manner a path may he made 

from the bottom to the top of a 

column by a winding shelf or ledge. 

Such an arrangement would be a 

screw (Fig. 86). 
Fig. 86. 

A screw may he considered as an inclined plane wound 
round a cylinder. 

The projecting coils are termed the threads of the 
screw. They may he square as in Fig. 88, or triangular 
as in Fig. 87. 

The distance between the upper edge of one thread 
and the corresponding edge of the next, measured on 
a line parallel to the axis, is termed the distance between 
the threads. The screw is usually connected with a 
concave cylinder termed a nut, on the interior surface 
of which a spiral cavity is cut, corresponding exactly to 
the thread of the screw which moves in it. 




Iha Condition of Equilibrimn wlien a weight is 
supported 'b? a Screw. 

01. Lot the weight w be supported by & force p, applied 
at the circumference of a screw in a direction perpendi- 
cular to a plane through the axis. The arrangement 
is equivalent to an inclined plane acted on by a hori- 
zontal force (Fig. 84). The condition of equilibrium. 
height 



s in this case 



W ~ base. 



Kow suppose the screw to be unrolled from the cylin- 
der. The whole inclined plane thus formed will be similar 
to that portion of it which would go exactly on:;e round 
the cylinder. Let A B o be Buch. «. "gfstfttwi. ^^- ^f*\- 
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Then ao is 'the circumference of the cylinder, bc the 
distance between the threads. Let ao=o, bg = c? 

then r== = — 
W c 





Fig. 89. 



\ 




Fig. 90. 



The screw is, however, rarely used without a lever. 
Let F be a power applied at the end of a lever, the 
length of which from the axis of the cylinder is I, and 
let r be the radius of the cylinder. Let p be a force 
applied at the circumference of the cylinder, which 
would have the same eflfect as f, then by the principle 
of the lever, pt == vl 

or P = F — 
r 

Substitute for p in the above equation, and remark that 

= 27rr, therefore 

FZ 



Wr 



d d . ¥ d 

= ^ = ^ — hence == = -— , 
c 2irr W 27rl 



or the power is to the weight as the distance between 
the threads is to the circumference of the circle 
described by the power. 

. We may, therefore, increase the mechanical force of 
the screw, either by diminishing the distance between 
tlie threads or by lengthening the arm of the lever, or 
fyr both. 
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The Ecrew is commonly uGed to exert presRare. The 
press represented in Fig. 91 is a familiar example. Tbo 




rig. 91. 
upper beam gapports the ant which is fixeil. The head 
a of the screw, moving in a socket fixed to the block 
D, is pierced for the insertion of levers. 

The screw is some- 
times associated with a 
spnr wheel, and is then 
termed an endless screw, 
because the teeth of the 
wheel succeed and replace 
each other as they od- 
Tance, so that they ncTer 
arrive at the end of the 




Compotmd Uacliines. 

1)3. The siraple machines admit of an endless variety 
of combinations. 

Several levers may be combined, so that the force is 
transmitted from one to the other (Fig. 6C) ; a combi- 
nation of nheela and axles forms the crab in Fig. 94 
and the mill of Fig. .55. 

The crane nsed for liftings heavy vreights consists of 
irbeel and axle, and a movable pulley, a is the shaft 




of tTie crftne reating below on a pivot, and supported m 
the middle by a metal ring let into a block of stone. 
Tbe oblique beams tt, vv, form the arm of the crane. 




fig. 04. 

The wheel and axle may be combined with the in- 
clined plane as in Fig. 95. 

The condition of equilibrium inacomponnd machine is 
obtained by finding the equations of equilibrium of each 
part and eliminating theunfcnowniBait\.\ci-ti's,\i*i'v«twi'ftissa^. 
Forexawpie, — Find the eqa&^oni ol ei^-JiSiiwmi'*^^- 
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Vva 



two weights iVi, w,, are supported on ( 
clined plane by a cord passing OTcr a pulley at the 
common vertex of the plaues. Let A b c, a' b o be 
the planes, let t be the tension of the cord. From tlia 
eqaiiibrinm of Wi, it follows that 

T „ BO 

Wi AB 

and from the equilibrium of Wa it follows that 

T _ BO 
AVa A' B 

dividing the second equation by the first 
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By tlie mechanical advanixige of any mocliino is meant the 
ratio of the weight to the power, when in equilibrium ; thus, if 
a power of 5 lbs. sustain a weight of 80 lbs. the mechanical 
advantage is 80 -f* 5, or 16. Thus the mechanical advantage of 
a simple machine is found by inverting the preceding equations 
of equilibriuin. 

To find the meclmnical advantage of any combination of 
machines, 

. In a combination of machines, the weight of the first machine 
is the power of the second, the weight of the second the power 
of the third, and so on. Let a, 2>, c, be the separate advantages 
of three machines in combination. Let P and Q be the power 
and weight in the first, Q and B those in the second, B. and W 
tbose in the third ; then, Q = a P, and R «= b Q, and W = c R, 
multiplying together QRW = abcPQB;.'. W = abcP. There- 
fore ah c represents the mechanical advantage of the combina- 
tion ; that is, the advantage of the combination is equal to the 
product of the separate advantages of the component machines. 

In like manner it may be shown that the mechanical advan- 
tage of the combination of any number of machines is equal to 
the product of the separate advantages of the component 
machines. 

To find the mechanical advantage of the Crane, (Fig. 93.) 

Let I be the length of the arm of the -(rinch, and a the radius 

I 
of its axle, then advantage of winch and axle = — 

Let R^ be the radius of the first, and r^ the radius of its axle, 

Ri 
then the advantage of first wheel and axle = — 

Let Rj be the radius of the second wheel, and r^ the radius of 

R 
its axle, then advantage of second wheel and axle = — ^ 

advantage of pulley =2. 

Consequently, advantage of crane = — ? 

ar^ r^ 

If Ni, Nj, be the number of teeth respectively in the two 
wheels, and n^^yUQ, those in the axles of the winch and of the 

first wheel, then —^ — - =— ^ — -, 



a r, Tij Wj 

t 

) =- 



2 1 • N N 
and therefore advantage of crane = ; — ^~r^' 
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Exercises. 
1. If the power represented by P act in a direction parallel to 
tli9 plane, and support a weight W, solve the following : — ■ 

1. W = 100 lbs., height ^ 3 ft., length = 4 ft.; find P.— 

Atis. 75 lbs. 

2. W = 122 lbs., height = 11 in., base = 5 ft. ; find E.— 

Arts. 120 lbs. 

3. P = 35 lbs., height = 1 5 in., length = 27 in. ; find W.— 

Ans, 63 lbs. 

4. P= R; find the inclination of the plane. — Ans. 45°. 

5. P= 160 lbs., height = 32, base = 255 ; find W,—Ans. 

1,285 lbs. 

6. W = 14,267 lbs., height = 72 ft., base= 1,295 j find P. 

—Ans. 792 lbs. 

7. A railway train, weighing 50 tons, is snpported on an 

inclined plane, rising 1 ft. for every 50 ft. of length, 
by a rope attached to a stationary engine ; find the 
tension. — Ans. 1 ton. 

3. Solve the following exercises, the direction of the power 
being horizontal: — 

1. W=15, height=6, base=9; find P.— .4ns. 10. 

2. W=36, height=5, length = 13; find P.— ^ns. 15. 

3. P =3-5, base =24, length = 25; find W.—Ans. 12. 

4. W=9, height=28, base=45; find U.—Ans. 10-6. 

5. P = 4 R J find the inclination. — Ans. 30°. 

6. P acting parallel to the plane, or 2 P acting horizontally, 

will support W; find the inclination. — Ans. 60°. 
u. A weight of 253 lbs. is supported on an inclined plane rising 
88 ft. in a length of 137 ft* by two equal forces, one being hori- 
zontal and the other parallel to the plane. Find the forces. — 
Ans. 92 lbs. 

4. A uniform beam, A B, rests with one end, 6, on an inclined 
plane 12ft. in height, to' 37 ft. of length, and the other end. A, 
on a horizontal plane, and is kept from sliding by a horizontal 
force, F, applied at A. The beam measures 20'2 ft. in length, 
and weighs 617'5 lbs. The end, B, is 12 ft. 4 in. from the foot 

of the piano; find F. — Ans. 99 lbs. 
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Note. — ^Take xnomcnts about the point B, then if B = the 
reaction of the surface at A 

E X 19*8 = W X 9-9 + 4 F. 
Next resolve the forces in the direction of the plane 

(W — R) X 12 = F X 35 
then eliminate B between the two equations. 

5. If the inclination of the plane be 30°, and the power be 
inclined at an angle of 30° to the plane, find the ratio of the 

^ 1 

power to the weight. — Ans, -tt 

6. A weight is supported on an inclined plane by two forces, 
each equal to half the weight, one acting along the plane, and the 
other horizontally ; show that the height is to the length as 4 to 5. 

7. The diameter of a screw is 7 in., and the distance between 
the threads one-fourth of an inch ; what power applied at the 
circumference of the screw will support a weight of 110 lbs. ? — 
Ans. 1*25 lbs. 

8. When the circumference of the screw is 12 inches, and 
there are three threads to the inch, find the weight which will 
be supported by a power of 10 lbs. — Ans. 360 lbs. 

9. In a common press the diameter of the screw is 6 in., the 
distance between the threads ^ in., and the length of the lever, 
measured from the axis, is 4 ft. ; what power will support a resis- 
tance of 852 lbs. ?' — Ans, '7 lbs. 

10. If the circumference described by the end of the lever be 
10 ft., the power 10 lbs., and there be three threads in 2 in., find 
the resistance supported. — Ans, 1,800 lbs. 

11. If a screw be formed upon a cylinder whose length is 
10 in., and circumference 4 in., how many turns must be given to 
the thread, in order that the power may be one-eighth of the 
weight ? — Ans, 20. 

12. If the endless screw (Fig. 92) be moved by a handle 
which describes a circumference c, and the distance between the 
threads be d, then when a weight W, hanging from a cord round 
the axle of the spur wheel, is supported by a power F at the 
handle — 

P d X radiuB oi aiVa. 

W c X radius oi ^\ie^« 
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X.— PASSIVE EESISTANCES. 
Friction. 

93. In the preceding investigations we have dis- 
regarded the resistances arising from the roughness of 
surfaces, the rigidity of cords, and the presence of 
the air or water. We proceed to consider the effects 
of these resistances. 

No surfaces are perfectly smooth. When a body is 
laid on a horizontal surface, even though it be a surface 
of polished steel, some force is necessary to make the 
body slide. The resistance to be overcome in con- 
sequence of the roughness of the surfaces is termed 
friction. 

In order to show how to measure friction, let us 
imagine a plane c d movable about a point c, and 
resting on a screw a b, by means of which it can be 
gradually inclined. When c d is horizontal, place upon 
it a body of weight w, and then turn the screw a b. We 
may give to the plane a certain inclination without 
causing the body to slide down it. If we take a line 
o p to represent the weight of the body, we can decom- 
pose the weight into two other forces represented by 
v' G, p"g respectively, perpendicular and parallel to the 
plane. The first of these presses the body against the 
plane, and will be counteracted by the resistance of 
the plane ; the second tends to make the body slide 
down the plane, and will be counteracted by the friction 
between the two surfaces. 
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Let r = the force of friction, r = the reaction, 

then F = R X g (§ 88.) 

When the plane is horizontal the pressure on the 

plane is the whole weight, and the part p p' is o. As 

the plane is raised, p p' increases and p'g decreases^ 

PF 
hence the ratio increases. There is, however, a 

ir (jr 

limit to this ratio, for the plane will reach snch an in- 

D 




Fig. 98. 

clination that the friction will not prevent the sliding of 
the body. The greatest angle at which the plane will 
support the body is termed the angle of repose. Sup- 
pose the plane to be inclined at that angle, and there- 
fore the body to be on the point of sliding, then the 

PF 
ratio p^^, is termed the coefficient of friction. Let b o 

be taken a foot in length, then if we keep the same unit 

PF AB AB , .1. 1 41, r 

-:5777=-TT7;r- =— r — ; hcncc the length of ab ex- 

pressed as the fraction of a foot is the coefficient of 
friction. Now it is a law of friction that so long as the 
substances composing the surfaces in contact remain, 
the same when the body is on the point of movin^^ t\s5^ 
ratio of the friction to the pTesa\iT^\)eV«^^XL^^ ^xxtSaa^^'e* 
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is the same. It is therefore always equal to the co- 
efficient of friction. It must be borne in mind that the 
coefficient of friction varies for different surfaces, and 
can only be determined by experiment in the way de- 
scribed above* Hence the first law of friction is as 
follows : — 

/. When the materials composing the surfaces in con- 
tact remain the same the friction varies as the pressure. 

Suppose, for example, that a block of wood having a 
hole bored in it, rests on a plane inclined at the angle of 
repose ; if lead be poured into the hole, the screw may 
be turned so as to incline the plane at a greater angle 
without causing the body to slide. By increasing the 
pressure we increase the friction. 

2, The friction is independent of the extent of the 
surfaces in contact. 

For example, in the case supposed above, the angle 
of repose will be found to remain the same whichever 
face of the body is placed in contact with the plane. 
This result may at first appear surprising, but on reflec- 
tion it will be seen that it is a natural consequence of 
the first law ; for if, in the second position, the points 
in contact be doubled, each bears only half the pressure, 
so that the friction at each point in the second case is 
half of that in the first, and the total friction remains 
the same. 

When the surfaces have been long in contact this 
rule does not hold. "When pieces of timber are mor- 
ticed together in building constructions, the parts 
acquire a force of adhesion and cohesion iiHiiich is not 
proportional to the pressure. 
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3. When the body is in molion the friction it inde- 
pendent of the velocity. 

The effeot of fiioHon it alnajs to resUt the motioD of the 
body ; hence, if Uie object of a foroe be to move a weight, fric- 
tion o^ioaes the powBr,lmt if it be ftpiJied to keep abodyat rert, 
a less power irill be snfBoient than if Qteie were no friction. 

Although friclioTt in a machine ia a dieadrantage, it ia Uie 
aonrce of Uie efScac; of each inatmmenta as nuls, pegs, -wedgee, 
Ac., foe when a, wedge is driyen into a. anhgtanoe by the force of 
peronaaion, it wonLl rebonud alter each blow bat for frialion. 

Friction ii frequently ntilised when great rceistancea are 
required to prevent motdon. For example: — A boat carried in 
the onrrent of a stream might be easily arrested by ™»MTig two 
or three tome of the rope attached to it ronnd a tree or fixed 
object. 

When one nn&oe ahdea on another tbe reewtance le termed 
lUding friction ; when one rolls on the other, so that diiTerent 
point* in each are brought mto contact, the fnction u termed 
rolling friction. With the same imrfaces and preaEore eliding 
friction is mnch greater than rollmg fnction. On thu acoooDt 
eornagee are eiqiplitd with wheal*, hooiebold ftimitare mores on 





Fig. leo. 



e in Fig. 98 in <aH«fftod bj friction 



ciutors ; (Ite shaft o( ibe ci 
rollers (Fig. QS). 

Tnien, as in deaoending r steep bill, it is sdnesble to cheok the 
motion of the c^riage, the wheel ialockedby achain (Fig. IDO), 
or b; a break (Fig. 101), so that the biction may offer a greater 
renilwioe to the motion- 

For the same end, railway oarriageB are eapplied with breaks, 
coonsliDg of blocls of wood maJe to came into close eoutaet 
wiUi Uie hoop of the wheel by the action of a lever. 

The friotion is a, """Tnnm nhen the wheela ore oompleteljr 
locked. 




'^e^^^B^m^m 
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Exa/m^le i. A carriage weiglis two tons, and the greatest force 
which may be applied to it horizontally withont moving it is 
IScwts.; find the coefficient of Motion. Here the pressure on the 
plane is eqnal to the weight, hence if F be the greatest force, 
which is balanced by friction, and e the coefficient F *» W «, 
therefore 15 a= 40 e or 6 = j. 

2. What force wonld draw the carriage np a plane rising 

9 in 41 ? By § 88 the pressure on the plane =s W ■ . , =« 

height 

2 X 40 2 X 40 30 

— — p- , hence friction = — jr — X I = rr to^ui, and the force 

must exceed this resistance. 

8. What are the forces acting on a body which stands at rest 
on the side of a hill P 

4. A ladder, A B, has one end. A, on a rongh horizontal road, 
and the other end, B, against a rongh vertical wall ; what are the 
forces acting on it P 

5. A body will jnst rest on a plane inclined at an angle of 45° ; 
find the coefficient of friction. 

6. If the coefficient of friction be -j^> show that the indina- 

tion of the plane is 80 . 

7. The height of a rongh inclined plane is to the length as 3 
to 5, and a weight of 80 lbs. is supported by friction only ; find 
the force of friction. — Ans, 18 lbs. 

8. A weight of 100 lbs. rests on a horizontal plane, and the co- 
efficient of friction is *2; find the horizontal force which will 
move the weight. 

9. A ladder 45 ft. long, rests with one end on a rough hori- 
zontal plane, and the other against a smooth vertical wall. The 
C. G. of the ladder is 25 ft. from the foot, and the ladder is 
on the point of sliding when the foot is 27 ft. from the wall. 
Find the coefficient of friction between the ladder and plane. 
~—Ans, •^. 

10. Show that when a body rests on a horizontal plane, the 
smallest pressure that will bring it into the state bordering on 
motion will act in a direction inclined to V2)^<&\i<^iK3.<C2r&.«^^i^^i^ 
eguiil to ihelimiting angle of xeBiBtaucQ. 
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94. When a force p supports a resistance q by means 
of any machine, if by moving the power through a 
space 8, the weight is brought through a space s,, 
then P'Si = Q'Ss, or the spaces are inversely as the 
forces. This fact is frequently stated thus, — what ts 
gained in power is lost in speed. 

We will prove this remarkable proposition in the 
case of the simple machines. 

The Lever. Let a b be a lever, of which o is the 
fulcrum (Fig. 102), and let a power p at a balance a 




Pig. 102. 

weight Q at b. Suppose the lever to move about the 
fulcrum, then a will describe an arc a a', and b an 
arc B b'. Let a a' = Si and b b' = s^. It has been 
proved that 

Q AC' 

but since the angles at the common centre o are equal, 
the arcs Sx and s^ are proportional to their radii, hence 

CB Sa 

AC "• Si 
and therefore P*S = Q'Sj. 
When the displacement is small, the arcs may be 
Avpposed to coincide with their chords, and Si, s^ may 
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be taken as the linear displacements of the points 
A and B. 

Again, if b\ and s', be the yertical displacements of 
the points a and b, they are respectively the heights 
of the similar triangles a c a' and b c b', and are pro- 
portional to the chords a a', b b' ; hence V's\ «= q's'^. 

A precisely similar demonstration would proye the 
principle for the wheel and axle. 

Pulleys. Let us take first the case in which the 
same cord passes round all the pulleys and the parts of 
the cord are parallel (Fig. 80). Let there be six 
strings to the lower block. Suppose the weight raised 
throught a height Sg, then each of the six strings is 
shortened by Ss, and therefore the power must descend 
through 6*Sa. 

Hence it follows that ^ = -g^- = -g- 

Now it has been proved that 

Z. _ J: 
Q "" 6' 

and therefore P'Si = Q-Sj. 

In the same way the principle may be proved, whatever 

the number of strings. 

Consider now the arrangement in which each pulley 

hangs by a separate string (Fig. 78). Let there be 

three movable pulleys. Suppose the weight raised 

through a height s^. The lowest pulley is raised 

through the same height, the next pulley 2 s„ the third 

pulley 4 Sa, and therefore the point at which the power 

acts is raised through 8 s^. 

Hence ^ = J» = \ 
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bat it has been proved that — 

JP _ 1 
Q 8 

and therefore PSi =i Q*Sa 
In a similar manner the proposition may be established 
for any arrangement. 

The Inclined Plane. Suppose the power to act along 
the plane, then if s^ be the vertical space through 
which the point of application would be raised if dis- 
placed through a distance Si in the direction of the 
plane, we should have by similar triangles 

Sj height 

8i length 

but it has been proved that 

^ height 

Q length 

therefore P-Si = Q-S 
Suppose in the second place that the power acts 
horizontally. Here 

Si base 

Si "^ height 
and it has been proved that 

P^ __ height 
Q base 

therefore P-Si = Q-S,. 
FVom this case of the inclined plane it follows that 
the principle is also true for the screw. 

The cases examined are particular cases of a general 

principle termed the Principle of Virtual Velocities. 

The supposed small displacement of a point of applica- 

tion of a force in the direction of the force is termed 

f^ tnritial velocity ^ and the product ol \)aft ^ox^i.^ \r3 
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its virtnal velocity is termed the virtual moment. The 
general theorem is stated as follows : — 

If any machine is in equilibrium under the action of 
a system of forces, and we conceive any small displace- 
ment of the machine consistent with the connection of 
its various parts, the algebraical sum of the virtual 
moments of the forces is zero, and if the sum be zero 
for all displacements the forces are in equilibrium. 



EXEBCISES-. 

1. When a power of 20 lbs. is applied to lift a weight through 
2 in. the power descends through 3 in.; find the weight. — 
Ans. 30 lbs. 

2. With a wheel and axle a power of 14 lbs. balances 1 ton ; if 
the power descended through 80 in. through what height would 
the weight be raised ? — Ans. 4 i^» 

3. When there are four movable pulleys in' one block, how 
much string passes through the hands ia raising a weight 6 in. P 
— Ans. 4 ft. 

4. With a block of three movable pulleys, how much cord 
would be required for a man to raise himself 80 ft. P — Ans. 210 ft. 

5. Show that, in order that the pulleys in Fig. 79 may revolve 
in the same time, the diameters of the lower block must be as 
the numbers 1, 8, 5, and those of the upper as the numbers 
2, 4, 6, 
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Xn.— THE APPLICATION OF TRIGONOMETEY TO 
THE FOBEGOING THEOREMS. 

95. If a 6 c be sides of a triangle, and a the angle 
opposite a, then a* = ft* + c* — 2bc cos a. Apply this 
to the triangle a o m (Fig. 20), then 

K» = F»+F» — 2FF-C0S A 

let angle AM£ = a, then cos A = — cos a 

or K«= F + F* + 2F-F cos a. 

96. The sides of any triangle are proportional to the 
sines of the opposite angles; hence in the triangle 

AMO 

R „ F ^ F 

sin A sin ACM sin AMO 

Bnt since the sine of an angle is equal to the sine of 
its supplement, if we write (r f) for the angle between 
R and p we obtain 

R ^ F _ F 

sin(FF) "" sin(RF) ^ sin(RF) 

K r', p, f' be forces in equilibrium (Fig. 17), then 
(rV) = 180* — (rp) and (r'p) = 180* — (rp); 

B! ^ F F 

therefore ^.^ ^^j^^ sin (RF) "" sin (RF) 

97. The projection of any line of length, Z, on a line 
making with it an angle a, is I' cos a ; and the projec- 
tion on a line at right angles to the former is Z* sin a ; 
consequently the result of 32 may be written thus — 

R^= (^ P-C08 ay Ar {%V Bm aY 



APPLIOATIONB OF TRIGOKOMBTRT. 121 

Where § p'cos a = PiCOs a + PjCOS aa+ &c., the 
sum of the projectioiis of the forces Pi, Ps, Ps? &c, on 
a line with which they make angles aj, oa, oa, &c. 

If a is the angle between the direction of the 

resultant and the line of reference, since r is the hypo- 

thenose of a triangle, of which x and t are the sides 

Y S Psin a 

tan a BB -- or ^^ 

X °^ §Pcosa 

The conditions that the forces shall be in eqnilibrinm 
is therefore — 

S P-cos = S P'sin a = O 



EXESCISES. 

1. Two forces of 25 lbs. and 30 lbs. act on a point at an angle 
whose cosine is J ; find their resultant. — Ana. 45 lbs. 

2. The resultant of two forces acting on a point is 536 lbs., 
and makea angles of 52'' 37' 47" and 37'' 59' 43" with the forces ; 
find the forces having given sin 52*' 37' 47"- '7947, sin 37° 5^ 43* 
= •6156.— ^ns. 426 and 330. 

3. Two forees of 53 lbs. and 82 lbs. acting on a point have a 
resultant of 75 lbs. ; find the sine of the angle between them. 
—Ans. ii. 

4. The resultant of two forces P and Q is equal to P, show 

that the cosine of the angle between them is ( — ~^\ 

5. Three forces, 9, 12, and 15 lbs. respectively, act upon a 
point and keep it at rest ; having given that sin 126'' 52' s=-^, find 
the angles at which the forces are inclined to each other.— ^ns. 
90°, 143° 8', 126° 52'. 

6. One of two components is double the other, and the resultazii 
is equal to half their sum ; find the oosmd oi ^Csi!^ «2^<^\)riQ«vi«&> 
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7* ProYO that, if B makes angles of a and 3 with P and Q, 

B = P cos a + Q cos jS 
0=»P8ino — QsiniS 

8. ABODE isa cord fixed to two points A and E. At B, C, 
and D, weights P, Q, B, are suspended. Take any vertical line 
and any point not in the line. From draw lines to the vertical 
line parallel to the parts of the cord, and show that these lines 
represent the tensions in the parts of the cord, and the parts of 
the vertical intercepted by them represent the weights. 

9. From the preceding constraction, show that if the cords at 
B make angles a, a' with the vertical, at C angles jS, 0, and at D 
7, y, then 

P _ Q _ B 

cot o+ cot o' "~ cot jS + cot "" cot 7+ cot y' 

10. When two forces P and Q act at an angle 9, their resultant 
is 5^ (P*+Q*) ; but when they act at an angle 90° — 6, the 
resultant equals 3-^ (P*+ Q^ ; find 6. — Ans, Tan 6 = J and .'. 
= 18° 26'. 

11. A line B D bisects an equilateral triangle ABC; forces 
act along the lines A D, D B, A B as follows : 4 lbs. irom A to D, 
6 lbs. irom D to B, 8 lbs. from A to B : find the resultant. — 
Ans. The resultant passes through the middle point of D B and 
makes with D B an angle of 31° 45' 

(sin31°45'=-5262139). 

12. Three weights, of 4, 5, and 6 lbs. respectively, are suspended 
over the circumference of a circular hoop, by three strings knotted 
together at its centre ; determine the relative positions of the 
strings when the hoop supported at its centre remains horizontaL 
(The moments of forces at two points about the diameter con- 
taining the other are equal.)— ^«*. 97® 11' (sin = -99215); 
124° 14' (sin = -82675) ; 138° 85' (sin « -66153). 

13. A and B are two given points in a horizontal line 1 foot 
apart ; to A a string A is fastened =» 4 A B ; to B another string 
is fjEusrtiened which, passing through a ring at C, supports a weight 
W at its other extremity j show that BO — '638 j A =■ 32° 32' 

CcoB = '8429) ; B = 90 — 2 A. 
14, A. and B are points 14 inches apax^ m Oi ^etNacsil "wiSL, \a 
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which are attached the extremities of a cord A D B. At C a 
weight of 11 lbs. is attached, and at D another weight W. AC 
= 6 in., G D = 7 in., and D B => 8 in. What nmst be the weight 
of W in order that D may be horizontal P — Aiu, 3 lbs. 



Parallel Forces— Couples. 

98. A couple consists of two equal parallel forces 
acting in opposite directions. 

The perpendicular distance between the directions of 
the forces is the arm of the couple. The tendency of 
the couple is to turn the arm about an axis perpen- 
dicular to the plane of the couple at the middle point 
of the arm. This line is usually termed the axis of 
the couple. The effect of the couple will not be 
altered by any change which leayes the moment about 
the axis the same. 

Take any point in the plane of the couple p p, and 
let Xi be the distance of the point from the direction 
of one force, x^ the distance from the other. Also let 
a be the arm of the couple. 

If the point be without the couple, the moment of 
the couple about the point 

= p a?i — p a;a = P (aJi — OJ,) == p* a. 

If the point be between the forces, the moment 
about the point 

= p a^i + p a?j = p (oTi + or,) = p- a. 

The moment of a couple about all points in its plane 
is therefore constant, and two couples are equivalent 
when their moments are equal; hence the following 
proportions will be easily estabAid;!^^'. — 

1. A couple may be turned m \\»^ owcl ^«aa *0ox^^'^ 
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any angle abont any point in its own arm, without 
altering its statical effect. 

2. A couple may be moyed parallel to itself without 
altering its statical effect. 

3. Two couples are equiyalent if their moments are 
equal and in the same direction. 

4. The resultant of any number of couples acting in 
the same plane or in parallel planes is a couple the 
moment of which is the algebraical sum of the moments 
of the couples. 

99. To find the resultant of two couples not in the 
same plane. 

For the given couples substitute equivalent couples, 
p p, Q Q, having for common arm a portion m n of the 
line of intersection of the two planes. Find the 
resultant r of the forces p and q at m and at k. Since 
the forces at m are equal and parallel to those at n, the 
resultant at m is equal and parallel to that at k, and 
the resultant of the two couples is a couple whose 
moment is r x m k. 

Now, since all the couples have a common arm, their 
moments are proportional to the forces. 

At any point whatever o, draw a line o p perpen- 
dicular to the plane of p p, and representing, according 
to a certain scale, the moment of p x m n. From the 
same point draw o q perpendicular to the plane Q Q, and 
representing, on the same scale, the moment q x m n. 
Complete the parallelogram opqr^ it will be similar to 
the parallelogram m p q, and therefore o r will be the 
perpendicular to the plane r r, and will represent on 
the chosen scale the moment of the resultant couple. 
Hence, if two straight lines, dra^ni iTom \Xifc ^wsiq 
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point, haye the directions of the axes of two couples, 
and are proportional to the moments of the couples, 
the diagonal of the parallelogram on these lines drawn 
through the point has the direction of the axis and the 
magnitude of the moment of the resultant couple. 

Hence the laws of the composition and resolution of 
couples are similar to the corresponding laws of forces, 
the axis of the couple corresponding to the direction of 
the force, and the moment of the couple to the magni- 
tude of the force. For example, if l and m be the 
moments of the component couples, o the moment of 
the resultant, and d the angle between their planes, 
then G* = L^ + M* + 2 L M cos 0. 




Fig. 103. 

Exercises. 

1. Three equal forces act along the sides of an equilateral 
triangle taken in order ; show that they are equivalent to a conple 

whose moment is^ • P * a. 

2. Three parallel forces, P, 2 P, and 3 P, act at the angular 
points of an equilateral triangle ; determine the lines along which 
they act when there is equilibrium. 

3. Three forcea act along the aidea oi «.Vnaa^^^«a^^^^ ^^' 
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portional to Uie sides ; sliow that they are eqniyalent to a couple 
whose moment is equal to twice the area of the triangle. 



The Beactions of Surfaces. 
100. When the forces act at different points in a 
body, the following summary of facts should be borne 
in mind : — 

1. When two forces are in equilibrium they must act 
in the same straight line. 

2. When three forces not parallel are in equilibrium 
their lines of direction must meet in a point. 

3. Eeactions of surfaces are perpendicular to the 
surfaces. 

4. When there are two unknown forces an equation 
may be found containing only one, either by taking 
moments about some point in the other, or by resolv- 
ing the forces in a direction at right angles to this other. 

6. When there are three unknown forces two equa- 
tions may be found, from which a force not required is 
excluded by resolving in a direction perpendicular to 
that of the force, and by taking moments about a point 
through which this unknown force passes. 

Example, A uniform beam a b is placed with one 
end A inside a smooth hemispherical bowl and a point 
D in it resting on the edge of the bowl ; find the in- 
clination of the beam. 

Draw the diameter an and join nd; then adn 
being the angle of a semicircle is a right angle. The 
reaction r of the edge of the bowl at d will therefore 
be in the direction d n, and the reaction b' of the bowl 
at A in the direction an. A vertical line therefore 
drawn from n will pass through Q ttie 0* Qc. oi \2aft b^am. 
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Fig. 104. 

Let CAD =5 ^, then CD A = 0, and CDN = 9O**^0 

NCD = 2 0, and CNG = 90**— 2 d. 
LetCA = r AG = a. 
Eesolve the forces horizontally. 
Take a line on C A to represent B' and its projection 
on CD = R'cosC = K'cos2 0. 

Take a line on D N to represent B and its projection 
on C D = R • cos C D N = R • sin 0. 
Hence R • sin == R' • cos 2 0. 
Now take moments about G. 
The perpendicular from 

Gon AN = AG sin ; 
hence the moment of 

R' = B!a sin 0. 
The moment of 

E about G=R- GD; 
but G D = A D — A G == 2r cos — a. 
Hence R'a • sin = R (2r cos — a). 
Multiply this and the previous equation together, and 
R R' go out ; therefore 

a sin ^0 = cos 2 (2r cos — a) 
hence reducing 

4r cos '0 — a cos — 2r = 0. 

Cos0 » ± + V( ""^ ^ -\ 
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Exercises. 

1. A sphere of weight W rests on two planes inclined at 
angles a and jS to the horizon ; find the normal pressures on 

TjT ayn- A 

the planes. — Ana, On the first — ; on the second 

sin (a + 3) 

W sin a 



sin (o + fi) 

2. A wire is hent into the form of a quadrant, placed with a 
radius OA horizontal and a radius OB yertical;over a small 
pulley at A a cord is passed supporting two weights, one P 
hanging freely, and the other 2P in the shape of a ring capable 
of sliding along the wire; find the arc from A to 2P. — Ans, 
65° 4'. (Cos. 32° 32' = -84307.) 

3. A uniform beam rests on two planes inclined at angles 

a and jS to the horizon; find the inclination of the beam to the 

horizon, and the pressures on the planes. — Ans. tan = 

sin 03 — a) , W sin jS W sin o 

■B = — : — : rr ; JS» = 



2 sin a sin iS sin (a + jS) ' sin (a + jS) 

4. If in Figure 104 2 a = 3r, find A J).— Ans, 1-838 x r. 

5. Two spheres rest upon two smooth inclined planes and 
press against each other; determine the inclination to the 
horizon of the line joining their centres. — Ans, If a jS be the 
angles of the planes, W W the weights of the spheres, and 
the inclination of the line joining the centres tan = 
W cot g — W cot d 

W + W 

6. A uniform beam A B whose weight is 50 lbs. rests with 
one end B on the top of a vertical wall the height of which is 
half the length of the beam, the other end A is on the horizontal 
plane A D, and is prevented from sliding by a string D A equal 
to f of AB; find the tension of the string. — Atis, 14*4 lbs. 
(Besolve horizontally and take moments about A) 

7. A beam A B 10 ft. long, weighing 10 lbs. a foot, has a 
string AG 10 ft. long attached to the lower end A, and tied to 

a nng O, and at the other a string Yrbich paaaes through the 
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ring and bears a weight of 50 lbs. ; find the inclination of the 

7 
beam. — Atia, cos. = V"^ * (!^Bke moments about A and re- 

o 

£olve perpendicularly to A C.) 

8. A rod A B weighing 1 cwt., whose 0. G. is 5 ft. from 
the end A, rests against a smooth vertical wall, and on a prop 
which is 8 ft. from the wall ; find the inclination of the rod and 
the pressures on the wall and prop. — Ans. cos = \/'6, the 
pressure on the prop = • %/l * 6, and on the wall V ( V^ '7 — 1). 

9. At what point of a tree must a rope of given length a 
be fixed so that a force at the other end may have the greatest 

tendency to overturn the tree ? — Ans, At a height -— • 



Mechanical Powers. 

101. All kinds of levers, bent and straight, may be 
regarded as bodies capable of moving about a fixed 
axis; and the condition of equilibrium is, therefore, 
that the sum of the moments of the forces is zero. 

In the general case of the inclined plane (Pig. 82), 
the triangle o n e, which has its sides proportional to 
the forces w, p and r, has one angle doe, equal to a, 
for it is contained by sides perpendicular to the sides of 
the angle a. If the force f make an angle ^ with 
the perpendicular to the plane, the angle n o e 
= 180» — i>. 

F sin OEH sin a 



Now 



W sin HOE sin ^ 

R sin OHE sin (0 — a') 



W sin HOE sin 

When friction is taken into account we have an. addv- 
tional force equal to /li r, actiiig \il^ qx ^q^ttcl NXvfc ^^^ess^a 
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according as the body is on the point of moving down 
or up. By resolving the forces along the plane, and 
perpendicular to it, we obtain two equations to deter- 
mine F and R. 

Thus, along the plane 

w gives w sin a down the plane, 
Friction gives Hh fi R up or down 
and p gives — p sin up the plane. 
And perpendicular to the plane 

w gives w cos a downwards, 
R gives — R upwards, 
p gives — p cos (j> upwards. 
Hence w sin a + /li r — p sin = o, 
and w cos a — R — p cos = o. 
Example. A mass of wrought iron weighing 
ICO lbs. would just rest on a plane of oak inclined at 
an angle of 32® ; if it rest on a plane inclined 20°, find 
the greatest pressure p which may act on it at an angle 
of 10° to the plane, without moving it up the plane. 

The tables give the coefficient of friction = tan 32° 
= •625 

sin a = sin 20° = *342 ; cos a = '94, 
sin == sin 80° = -985 ; cos = '174. 
Hence the above equations become 

100 X -342 — -625 r — f x -295 = o, 
100 X '94 — R — p X -174 = o. 
Eliminating r we have f = 28 lbs. 
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Exercises. 

1. Two uniform rods forming a right angle are suspended from 
tlio right angle. If one be 18 in. and the ether 24 in. long, find 
the inclination a of the shorter to the horizon. — Ans. 
tan a = 2^*^. 

2. In the above, if the shorter rod — 2 m, and the longer 2 n, 

show that 

77»* -\- 2 mn 



ton a = 



n« 



3. A lever A B, of weight W, moving about a hinge at A, is rap- 
ported by a cord tied at B, and passing over a pulley C. To the 
other end of the cord is attached a weight = 3 W. The length 
of the beam, the distance of the hinge from the vertical plane 
containing the pulley, and the height of C above the plane con^ 
taming A, are equal to one another, show that if the beam makes 
with the horizon an angle a, and the cord makes with the ver- 
tical an angle jS, then 

cos 03 + a) = J- cos a = cos jS — sin /S. 

4. ABC is a bent lever, forming an angle of 150°; AB is 
21 in., B C 35 in. long ; weights of 28 and 24 lbs. are suspended 
from A and C ; find the inclination of the arms to the horizon. 
— Ans, The shorter arm 18° 22' above (sin = *315), and longer 
arm 48° 22' below (sin = -7474). 

5. A weight W is supported on a smooth inclined plane by 
three forces, each equal to ^ W, which act one vertically upwards, 
another horizontally, and the third parallel to the plane ; find 



the inclination of the plane. — Ans, tan 3 = *5 and therefore 

e = 53° r 48". 

6. A uniform beam A B, of weight "W, rests with one end A 
on a horizontal plane A C, and the other end on a plane C B, 
whose inclination to the horizon is 60°. If a string C A equal 
to GB prevent the beam from sliding, what is the tension?— 

Ans,"^ W. 
4 

(Take momenta about A aiidTeBo\veVo"MCPD^a^l^i 
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7. A imiform beam A B rests with the upper end B on a prop, 
and the lower end A attached to a string, which after passing 
over a pulley C bears a weight eqnal to one-third that of the 
beam; find the position of eqnilibriom. — Ans, If be the incli- 
nation of the beam, and (0 + jS) that of the string A C, then 
cos s= § sin iS. 

8. Weights of 40 lbs. and 50 lbs. are attached at the extre- 
mities A B of a light rigid rod A B, 17 ft. long, which is sup- 
ported by a cord 19 fb., tied at both ends of the beam, and passing 
over a small pulley O ; find the position of equilibrium. — Ans, 
A O = 10-5 ft.; BO = 8-4 ft.; sin ^0 «= .^^, and the 
vertical through O bisects the angle 0. 

9. If on an inclined plane the pressure, force and weight be as 
the numbers 28, 17, and 25, find the inclination of the plane 
to the horizon, and of the force to the plane. — Atis, 36® 52' 12*. 

(sin == 6) and 28° 4' 15" (cos = ^) 

10. A weight of 100 lbs. is sustained on a rough plane, inclined 
at an angle, and by a force F inclined at an angle jS to the plane ; 
if the greatest angle at which the body would rest is 45®, find 
the limits between which F must lie. — Ans, between 

(sin a -f cos o\ / sin a — cos o\ 
5 ) and 100 ( x r-^) 
cos fi J \cos j8 — sm j3/ 

11. A ladder rests against a vertical wall, to which it is 
inclined at an angle of 45° ; the centre of gravity of the ladder is 
at ^ the length from the foot. The coefficient of friction for the 
ladder and plane is |, and for ladder and wall J. If a man whose 
weight is half the weight of the ladder ascend it, find to what 
height he will go before the ladder begins to slide. — Ans. -Jl of 
the length. 

(Besolve horizontally and vertically, and take moments about 
tlie foot.) 
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DYNAMICS. 



I.— MOTION. 

1. The examples of motion whicli constantly recnr to 
our observation are very varied. Sometimes a body 
moves in a straight line, as when it falls freely to the 
earth. Sometimes it describes a curve, as when it is 
projected in a direction not vertical. Sometimes the 
body turns and retraces its path, as is the case witii 
the ball of a pendulum. The velocity with which the 
body moves, and the nature of the forces which pro- 
duce motion, are other elements admitting of endless 
variation. It will evidently be necessary, therefore, to 
consider some of these circumstances of motion apart 
from the others. For example, it will be convenient 
to consider, first, the conditions of motion of a body 
independently of its size and shape, and, making an 
abstraction of these properties, to consider the motion 
of a very small particle of matter or a material point. 

2. Before investigating the eiBfect of forces in pro- 
ducing or changing the motion of bodies, it will be 
convenient to consider the motion of a point inde- 
pendently of the forces which produce it. This branch 
of mechanics has been termed ki7iematic% \ ^xA ^ksssc^. 
the term df/namics is restricted to \)c^^ ^^\««i<iRk ^^^ssssSvv 
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inyestigates the relations which exist between the forces 
and the motion they produce. 

3. When a moving point or particle is in motion, 
the line containing all its successive positions is termed 
the path of the point. The path may bo a straight line 
or a curve. 

4. The motion of a particle is not sufficiently defined 
by the path it describes. The particular points in the 
path occupied by the moving particle at diflferent instants 
must also be known. For example, railway time-tables 
determine the motion of a train when they give the 
time at which the train arrives at the several stations. 

Suppose a particle to move on a given path mn 
(Fig. 105), its motion is defined in the following 




M- 



Fig. 105. 



manner. A fixed point o is chosen arbitrarily to serve 
as the origin from which the lengths of the arcs of the 
curve are measured. The position of a point a is 
indicated by the length of the arc oa. Arcs measured 
in one direction o n are considered positive, and arcs 
measured in the opposite direction o m are negative. 

5. The motion of a point is said to be uniform when 
the point passes over equal spaces in equal times. 

In the case of uniform motion the velocity of the 
moving point is constant, and is measured by the length 
of path passed over in a unit of time. This length is 
usually expressed in feet, and the time in seconds. 
Frequently, however, other units are chosen ; thus, a 
train majr proceed with a speed oi 40 mika oa hour, 
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a ship may sail with a speed of 10 knots an hour. 
Velocity expressed in other units may, however, be 
readily reduced to feet per second. For example, 
1 mile an hour = l/y ft. per sec. 
The velocity is variable when the lengths of the path 
described in equal times are not equal. 

6. The length of path described in a certain time 
divided by the time is termed the mean velocity for that 
portion of the path. 

7. Variable velocity at any instant is measured by 
the mean velocity for an infinitely small space com- 
menced at that instant. 

It is the space the body would describe in a unit 
of time if from that particular instant the velocity 
remained constant. For example, a horse may travel 
from one place to another with a variable velocity ; but 
we may say that at a particular instant he is running 
at a speed of 20 miles an hour. We mean that for a 
small distance he moves with a speed which, if main- 
tained for an hour, would carry him over 20 miles. 

Direction of Velocity. 

8. Let A a' be points near together on the path. 
The arc a a' differs but little from a straight line. Let 
the straight line a a' be produced to b. The direction 
a b has two points in common with the curve. When 
the points are indefinitely near, the line is called in 
geometry a tangent to the curve. This line is the 
direction of the motion of the particle at a. Hence the 
direction of the velocity of a movm^ ^^xVas^*^ ^ wx^ 
point is the tangent to its patti a\i \Xi\s ^ovciX.* 
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The magnitude of the velocity will be represented by 
taking on a b a length a c, equal to the space which 
the particle would describe in a unit of time if it tra- 
versed the line ab with a uniform velocity equal to that 
which it had at the point A. 

Thus, if d be the time the particle takes to pass over 

the small arc a a', a c = 

AA/ 

d 

Hence the tangent ac represents the velocity in 
direction and magnitude. 

If the path be a straight line the direction of the 
velocity is that of the path. 



Graphic representation of Motion. 

9. It is frequently very useful to represent the pro- 
perties of the motion of a point by means of lines. 

The motion of a particle along its path is determined 
when its distance from a fixed point on its path is 
known for every instant of time, and this is always the 
case when we can express the relation between the space 
s and time t. This relation may be represented by 
a line. 

Let M N be the path (Fig. 105), o the fixed point from 
which arcs are measured, a the position of the particle 
at the end of time ^ ; o a will be the corresponding 
value of s. Draw two straight lines at right angles 
AX, AY (Fig. 106) ; choose a unit of length to repre- 
sent a unit of time ; set ofiT along a x a line a b to 
represent, according to the scale chosen, the time L 
At the point e draw a straight \\ii^ "ry ^«^xtiJ^^ 1^ 
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A Y ; take a certain scale of lengths to represent units 
of space, and set off along e f a distance e f = s. 




If the construction be repeated at different instants, 
for every value of t set off along a x there will be a cor- 
responding value of 8 set off on a line parallel to a y ; 
and to every point a in the path of the moving particle 
•will correspond a point f in the plan. The successive 
points will furnish a continuous line, which will repre- 
sent the law of movement. We will term this line the 
curve of spaces. Lines measured on ax are termed 
abscisssB, and lines parallel to a y are called ordinates. 

The arc s may be positive or negative according as a 
is to the right or left of o. The positive arcs are 
represented in tlie plan by ordinates above c x, and the 
negative arcs by ordinates below. The point o corres- 
ponds to ^ r= o, that is, to the instant from which the 
time is reckoned. 

Time anterior to this instant will be considered nega- 
tive, and will be represented by lines from a to the 
left. 

With these conventions, all the circumstances of the 
motion of the particle may be determined by an in- 
spection of the curve of spaces. Bvvpi^o^^V^^"^ ^^wss^^^ 
that the £gnre (107) represents ttie c\3ltxq> oi ^^^^^'^^ ^'^'^ 
a particle moving in a straight liive. 
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Fig. 107. 

p represents the zero point o, from wliich the spaces 
are measured. The particle returns to o in the time 
represented by p q, that is, in 8 seconds. Tlie instant 
from which the time is taken is not that at which tho 
particle is at o, but at an interval represented by Ap 
after this time. 

Let M N be the straight line along which the particle 
moves (Fig. 108), and let the point o be that from which 



ni 






Fig. 108. 

its distance s is measured. Then o corresponds to the 
points p and q on the curve of spaces. 

It is easy to find on the path m n the position of the 
particle for every other value of the time t comprised 
between the limits of the curve, that is, from — 3 to 
+ 8 seconds, or, in all, a period of 11 seconds. 

Take on the left of 0, 
a! = the ord. at a 
Ob'= „ b 

0(/= „ c 



>> 
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Take on the right of 0, 



d' — the ord. at d 


/«' = the ord. at h 


Oe! = „ e 


Of = 


0/' = „ / 


Oft'— „ k 


Oif - „ 9 


01 — „ I 



The points a' b' to m' are the successive positions of 
the particle at the end of each second. The points p 
and q at which the curve intersects the axis a x give the 
instants at which the particle passes the point o. The 
greatest ordinate is that at g corresponding to the time 
3 seconds. This indicates that the particle changes its 
direction at ^ and returns upon its path. 

The velocity of the particle at any point may also be 
found from the curve of spaces. Let it be required, for 
example, to find the velocity of the particle at the point 
f of its path. At the point /draw a tangent /t to 
the curve, and a line / s parallel to a x cutting the 
ordinate at ff in the points t and s ; then s t represents 
the velocity at the point/'. 

Now if from the point / the velocity were uniform, 
the space passed over divided 
by the time would be constant. 
Let a/ be a point on the curve 
infinitely near to /, t is also a 
point on the tangent. Let fa' 
represent the infinitely small in- 
terval of time in which the par- 
ticle passes over the infinitely 
small space s' t' (Fig. 109); then 

s' t' s' t/ 

is the velocity, but . = -^1^— v V^^^r.^ 




^'^ 



J's' 



/«' 



J^ 
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ST is the space passed through in the time /s. But 
/s represents the unit of time, consequently s t is the 
space through which the body would pass in the unit 
of time, provided it kept throughout this time the 
velocity it had at the commencement. 

If this construction be made at the point g where 
the tangent to the curve is parallel to a x, it gives the 
velocity zero, indicating that the particle at (f in its 
path stops for an instant, and the motion then becomes 
retrograde. At a point k beyond the point ^ the 
tangent would cut the ordinate below the parallel to 
A X, showing that the velcJtity is then negative. This 
is the case whenever the motion is retrograde. 



Curve of Velocities. 

10. Suppose that the curve of spaces b c d e f has 
been traced. 

The velocity of the moving point on its path at a 
particular instant is given by a certain length parallel 
to the axis a y. This line represents on the scale of 
lengths a space described in a unit of time with the 
same velocity. 

"We may take these lengths representing velocity to 
construct a second curve such that the ordinates in- 
dicate the velocity of the moving point just as the 
ordinate of the first indicated the arcs described. 

Let us take any ordinate m p (Fig. 110) and construct 

the velocity q r corresponding to the instant ^ = o m. 

Measure on if p a length Mp = qul. Hepeat this con- 
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Fig. 110. 

struction for a number of points, and a line is obtained 
hcd efgy which will be the curve of velocities. 

The inspection of this curve shows that the velocity 
is positive from the point h to the point e, that is to 
say, from the instant ^ = — a J to the instant 
t = + Ae. 

During this period the movable point displaces itself 

in the positive direction on its path. The points 

h and e are the projections on the axis of the points 

B and E on the curve of spaces, corresponding to a 

maximum or a minimum value of the ordinate. At the 

instant indicated by < = Ae the direction of motion 

changes. The velocity is a maximum at the point e, 

that is to say, at the instant < = — ah. At that 

instant the curve of spaces gives s = + hi, and at 

the point i is a change of inflexion. "When t is greater 

than A e the velocity is negative and the motion 

retrograde. 

We have seen how the curve of velocities can bo 

deduced from the curve of spaces ; we will now show 

how the inverse problem may be solved. 
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To find the space passed over in a given time when the 
law of velocity is known. 

11. Construct the curve of Telocities thus — Upon a 
straight line commencing at a fixed point, measure off 
distances to represent nnits of time, at each interval 
raise perpendiculars proportional to the velocities at the 
corresponding instant, and lastly draw a line through 
the extremities of these perpendiculars. We may con- 
sider the movement of the point to commence at any 
instant whatever. For example, let the point be sup- 
posed to start at the instant defined by the abscissa t 
= A a. Let us divide the axis of the time, corn- 




Fig. 111. 

mencing at a, into equal parts which are infinitely small. 
Each part will represent a time indefinitely short. 
At the points of division draw the ordinates of the 
curve which will represent the successive values of the 
velocity at the instants defined by the following values 
of the time — 

( — . A a + 0), ( — A a + 2 0), ( — A + 3 0), &c. 
Let V be the ordinate for a certain value t of the 
time. This ordinate v represents the velocity at that 
instant, that is, — the space that would be described if 
the velocity continued uniform during a unit of time. 
The space described by the moving point on its path 
during the time 0, will bo t\ie ]pTO^wc\. m 0. .^orw VJc^a 
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product is represented on the figure, for if m wj = v, 
and M N = 0, it is the area of the rectangle, m n. 
The smaller we make the more nearly this rectangle 
approaches the area comprised between the arc of the 
curve, the axis of the time and the two ordinates m m, n n. 
Each one of these infinitely small areas represents 
therefore the space described by the moving point on 
its path during the same time 0, commencing at the 
instant defined by the corresponding abscissa. 

The negative values of the velocity indicate retro- 
grade motion ; we ought, therefore, to consider as 
negative tbe areas corresponding to negative ordinates. 
Hence, taking the signs as thus defined, the algebrai- 
cal sum of all these elements of surface from any point 
a to any point m, that is to say, the area of the curve 
of velocities will represent the distance of the moving 
point from the starting point t = — a a to the instant 
t = + A M, or in other terms — 

Tlie successive areas of the curve of velocities start- 
ing from any point whatever, a on the axis a x, will 
represent in magnitude and in sign the total and the 
successive displacements of the moving point on its 
path, commencing from the point which it occupies 
at the instant defined by the abscissa at the point a. 

The problem, therefore, resolves itself into finding 
the areas of curves. Whenever the line is one of those 
for which geometry furnishes a method of finding the 
area, as, for example, a straight line, circle, para- 
bola, &c., we can readily construct the curve of veloci- 
ties from the line of spaces. When the curve does not 
belong to a known type we must resort to a^^T^wxxoa.- 
tions. 
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Curve of Accelerations. 

12, The velocity is a magnitude which generally 
varies with the time, and the rate of variation of the 
velocity is a new property of the motion termed the 
acceleration. It may be uniform or variable. When 
the velocity increases uniformly the acceleration is the 
velocity added in a unit of time. 

When the increase of velocity is not uniform, the 
acceleration at every point is the velocity which would he 
added in a unit of time, if the velocity continued to 
increase at the same rate throughout this time, 

"We might represent the law of acceleration, as we 
have indicated the law of velocity, by a curve of acce- 
leration in which the ordinates are proportional to the 
accelerations. 

Such a curve may evidently be deduced from the 
curve of velocity in precisely the same way as this 
curve was deduced from the curve of spaces, namely, 
by drawing tangents at the diflferent points in the 
curve. Similarly, as the curve of spaces can be obtained 
from the areas of the curve of velocities, so the curve 
of velocities can be found by taking ordinates propor- 
tional to the areas of the curve of acceleration. The 
investigation of this curve may be left with the 
student. 
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Unifomi Motion. 

13. When the motion is uniform the velocity v is 
the space passed over in every second of time ; hence 
in 2 seconds the particle moves over 2 v ft, in 3 
seconds over 3 v ft., and so on. Hence the motion is 
defined by the equation 

The line of spaces is a straight line, for the ordinates 
increase in a constant ratio. The line of velocities has 
its ordinates constant and is a straight line j)arallcl to 
the axis a re at a distance = v. 

Composition of Velocities. 

14. Suppose a particle at o to have imparted to it 
simultaneously a velocity v along o x and a velocity V 

A A^ X 



Fig. 112. 

along OY (Fig. 112). Let m be a position of the particle 
at time £, and suppose m a drawn parallel to o y meeting 
o X in A, then the motion may be thus described. The 
point M moves along the line A m parallel to o y with 
velocity t/ while this line is displaced parallel to itssXC^ 
60 that its extremity A move?^ a\oi\g o"s^^\>Ocl^^<^^>^j^ "^ 
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Therefore OA = vt and a m =s ^t. 
_ OA v 

Hence ^M = "^7 

Let m' bo the position of the particle at time f. ' 
Then also o a' == v^ and a' m' = v' l!. 

Hence ^^ — ^^ 

Suppose now the points m and m' to be each joined 
•with o, then the above proportion shows that the 
triangles o a m, o a' m', which have angles a and a', equal 
are similar, and therefore that the angles a o m, a' o m' 
are equal, xmd om m' is a straight line. 

The same triangle gives the proportion 

OM _ OA „ £^ _ _L 
OM' ~" OA' ^ vH ~ i 
showing that the space described by the point m is pro- 
portional to the time ; hence m moves in a straight line 
with uniform velocity. 

To determine this velocity let t in the above equation 
be the unit of time, then o a represents r, a m represents 
v\ and OM the resultant velocity of m. Through m 
draw M B parallel to o x, then o b = a m t/ and it is 
evident that the resultant velocity is the diagonal of 
the parallelogram constructed on o a, o b, which repre- 
sent tlie component velocities. 

If two velocities imparted simultaneously to a particle 
le represented in magnitude and direction hi/ two adjacent 
sides of a parallelogram^ the resultant velocity will he 
7'epresented in magnitude and direction hy the diagonal' 
of this parallelogram drawn through the particle. 

From this proposition it follows that when a point 
mores in a straight line with nniform velocity, the pro- 
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jection of the point on any straight line whatever moves 
with uniform velocity. 

It follows also that any uniform velocity may he con- 
sidered as resulting from two simultaneous velocities, 
the components being represented by the sides of a 
parallelogram having the lino representing the resultant 
velocity for diagonal. 



Exercises. 

1. A body . moves uniformly over 5 miles in half an hour; 
determine its velocity. — Ant. 14* 6. , 

2. A body moves at the rate of 8 miles a quarter of an hour ; 
determine its velocity. — Aus. 17*6. 

3. The equatorial diameter of the earth is 41,847,000 ft., and 
the earth makes one revolution in 24 hours; determine the 
velocity of a point on the earth's equator. — Ans. 1526. 

4. Find the velocity of a point a, latitude at 60'. — Ans, 763. 
6. A body moves with a velocity 15 ; how many miles will it 

pass over in one hour P — Ans, lO-^ij. 

6. Which velocity is the greater, 3 ft. in half a second, or 70 
yards a minute ? 

7. Compare the velocities of two points which move uniformly, 
one through 420 ft. in 1 minute, and the other through 24 
yards in ^ of a second ? — Ans, The second is 1|- of the first. 

8. A railway train travels over 100 miles in 2 hours ; find the 
average velocity referred to ft. and seconds. 

9. A body starts from a point and moves uniformly along a 
straight line at the rate of 25 ft. per second. At the end of 20 
seconds another body starts from the same point after the former 
body, and moves uniformly at the rate of 20 miles an hour. 
Find when and where the second body overtakes the first. — Ans, 
The second moves for 115)^- sees, and $3 of a mile. 

10. Two bodies start together iromi\iQ^ax«i^^csvx)L\.,«»L^'ax^^'^ 
uniformly in directions at right aiig\ea \.o e^k^ ofCasst % cfa.^ vjs^ 'j 
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moves at the rate of 4 ft. per second, and the other at the rate of 
3 ft. per second ; find the distance between them at the end of 
7 seconds. — Ans. 35 ft. 

11. A mill sail 8} yards long goes ronnd uniformly 12 times in 
a minnte ; find the Telocity of the extremity of the sail . — m, 
33 ft. per sec. 

12. Two messengers start at the same time, and in the same 
direction, from places 3 miles apart; one travels at the rate of 4 4 
and the other at the rate of 6 ft. per second ; when will the 
second overtake the first ? — Ans. In 2 hrs. 56 mins. 

13. M, N, and P are places on the same road. A traveller A 
starts from M at the same time as another traveller B leaves N. 
They reach P together, and it is found that they have walked 
together 30 miles ; that B would walk at his rate from P to M 
in 9 hours, and A from P to N in 4 hours ; find the distance 
M N. — Am. 6 miles. 



Motion in a atraight line with. Uniform 

Acceleration. 

15. The velocity is said to be uniformly accelerated 
when it is increased in equal intervals of time by a 
constant quantity. Let / be the increase of velocity 
for each second, then if v be the velocity at the com- 
mencement of the time, the velocity at the end of 

the 1st sec. = v + / 
2nd sec. = v + 2/ 
3rd sec. = v + 3/ 



at time < = v -h ft 
Construct the line of velocities (Fig. 118). Let 
A c = V, and let a a, a 5, h c, &c. represent equal inter- 
vals of time T. The ordinates at the successive intervals 
m'JJ be obtained by adding to l\i(b i^xee^dvw^ ordinate 
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m^ 



Fig 113. 



the constant qnantity/x, 
represented by cfio", 6,6', 
&o. If A B repreecnt a time 
(, the ordinate iiD=v + /(. 
c D is therefore a straight 
Hdo. 

The space passed over 
in the time t will be repre- 
sented by the area of the 
figure ABDC, that is, by the 

rectangle a b k o + the triangle crd, or aoxab 
+ ^ X D X c E. 

Hence a ^ v i + ^/i*. 

If the point start from rest v ^ o, and the space is 
represented by the triangle o b d, hence b ^ \f^- 

The area a b d o may also be written thns — 

AD X J (AO -f Bd). 

SoKe the space passed over bt/ a particle moving teitk 
umjbrm acceleration is found by muUiplying half the 
sum of the initial and final velocities by the time. 

When the velocity is diminished by a quantity irhich 
is constant for equal interTals of time, the motion is 
said to be utuformli/ retarded, and the acceleration is 
considered negative. When this is the case d nill fall 
below B, and the equations of motion become 
v — \—ft, s=v( — ^/t». 

The etudent should consider well the representation 
of the motion in Fig. 113. The area a d e o represents 
the space which would be passed over in the time t, 
with initial Telocity only. The little triangles a o-^o.' , 
d h,y, &c., represent the spacea ^a^aftft. «^«t Ssi. <!»fi»- 
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second, 
time ^ 



and that of the triangle oed, the space in 
in consequence of the acceleration. 

If the initial velocity 
be zero, then the figure 
becomes a triangle (Fig. 
114) . If A c represent the 
time tjCa the velocity/^, 
then the space = ^acx 
rig. 114. ca=^ft\ 




Uniform Iffotion in a Circle* 

16. Let a point b move in a circumference, and let 
b' be the position of the point b at the commencement 

of the time, while the point 
B describes the arc b b' the 
radius o b' describes the 
angle b' o b. The revokition 
of the radius marks what is 
called the angular velocity 
of the point b. When 
the radius describes equal 
angles in equal times the 
angular velociti/ is uniform 
and is equal to the angle described by the radius in a 
unit of time. 

AVhen the radius does not describe equal angles 
in equal times the angular velocity at any point is the 
angle which would be described by the radius if it con- 
tinued to revolve for a unit of time with a uniform 
angular velocity. If the point b moves with a uniform 
JJnear reJocity, equal arcs will bo described in. equal 
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times, and Bincc eqnal arcs correspond to equal angles at 
the centre,.the angular velocity will also be uniform. The 
angular velocity is not sufficient to define the motion 
of a point, for if a point a describe the smaller circum- 
ference in the same time as the point b describes the 
larger, the angular velocity will be the same, but the 
linear velocity will be proportional to the circumference 
or the radius. Hence, if the radius and angular velo- 
city be given, the linear velocity may be found, and 
vice versa. 

Let r be the radius, v the linear velocity, a ther 
angular velocity. 

Let the point describe the circumference c in a time 

t, then 

tv ^ c 

and ta= 360^ Hence — = ^ '^ '' 



For example, if the angular velocity be 60* per second 
and radius 3 ft., we have 

j^ ttCO 

T "" 1«0 

or V = — ^ = 3fft. 

The tangential acceleration in this case is nothing, 
for the velocity is uniform. 

17. Let the point b (Fig. 116) start from b', and 




Fig. lift. 
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let the line b p be drawn perpendicular to tbe diameter 
b'a, consider the velocity of the point p. At the 
commencement of the motion b moves in the direction 
of the tangent at b', and the velocity of p is zero. 
This velocity increases until p reaches o, when b and p 
move in parallel directions with the same velocity. 
Hence the acceleration of p is not zero. The accele- 
ration of p, corresponding to an infinitely small arc 
B b', is termed the normal acceleration. 

Let /be this normal acceleration, and let the point B 
describe the arc b b' in the time t ; 
then PB' = ^ft^ 
and the arc B B' = v t 
but in the right-angled triangles abb' and B p b' 

AF _ B^ 
BB' ~ PB' 
BB'* 



therefore P B' = 



AB' 



Now, since b b' is a very small arc, the chord B b'^ 
may be considered equal to the arc B b' 

1^ t^ 
hence ^fi^ =■ 



and / = 



2r 
r 



Exercises. 

1. A body had at one instant a velocity of l5 ft. per second, 
and 3 seconds later a velocity of 30 ft. per second ; find the 
acceleration. — Ans, 5 ft, 

2. A point has a velocity of 60 ft. per second after it has been 
moving 5 seconda from rest; find tlio acccWaXion.. — Aua A'i ^ 
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3. The acceleration is 8 ft. per second, and the initial velocity 
11 ft. per second; find the space passed over in 8 seconds, and 
the velocity at the end of the time. — Ans. 344 ft. ; 75 ft. 

4. The space passed over in 5 seconds is 105 ft., and the final 
velocity 35 ft. ; find the initial velocity and the acceleration. —> 
Ans, 7 ft. ; 5-6 ft. 

5. A body moving from rest is observed to move over m ft. 
and n ft. respectively in 2 consecutive seconds ; show that the 

acceleration is w — w, and the time from rest ^ ft* 

6. A body uniformly accelerated moves at the end of 2 seconds 
with a velocity which woxdd carry it through 5 miles in the next 
^ hour; find the acceleration. — Ans. 7*3 ft. 

7. A body moving with uniform acceleration describes 574 ft. 
in the eighth second ; find the acceleration. — Atis. 76iVft. 

8. A body has described 392 ft. from rest in 7 seconds ; find 
the velocity acquired. — Ans, 112 ft. 

9. A body has described 54 ft. from rest in 3 seconds ; find 
the time it will take to move over the next 120 ft. — ^^ns.2*3S 
sees. 

10. A body moves over 70 ft. in the fourth second ; find the 
acceleration.— -4ns. 20 ft. 

11. A body describes 354 ft. while its velocity increases from 
43 to 75 feet per second ; find the whole time of motion and the 
acceleration. — Ans. 6 sees. ; 5*3 ft. 

12. A body in passing over 135 ft. has its velocity increased 
from 7 to 53 ; find the whole space described from rest and the 
acceleration.--.4ws. l^l^iz ft. ; 10*2 ft. 

13. Find the numerical value of the acceleration when in a 
quarter of second a velocity is produced which would carry a 
body over 2 ft. in every third of a second. — Ains. 24. 

14. A body moving from rest is observed to pass over 36 ft. 
and 44 ft. respectively in 2 consecutive seconds ; find the acce- 
leration and the time from rest. — Ans, 8 ft. 4 and 5 sees. 
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II.— FORCES PEODUCING MOTION. 

18. Hitherto we have considered the motion of a 
particle under various circumstances independently of 
the forces which produce the motion. We have now 
to consider the relations between the forces and the 
motion which they produce. 

The science of Dynamics rests on certain fundamental 
principles termed the Laws of Motion. 

The, first law of motion, or the law of inertia, is as 
follows : — 

W7ien a body is not acted on hj any force^ if it he at 
rest it will remain at restj and if it be in motion it will 
continue to move in a straight line with uniform velocity. 

As this law is the basis of Statics as well as 
Dymamics it was stated at the introduction, together 
with the evidence on which it rests. 

On this and the following law the theory of the 
motion of the heavenly bodies is based, and the uniform 
agreement of the deductions from these laws and 
observations in astronomy is one of the strongest con- 
firmations of their truth. 

19. The second law may be stated thus : — 

When a force acts upon a body in motion, the change 
of motion is the same in magnitude and direction as if 
the force acted on the body at rest. 

The truth of this law is shown by such considerations 
as the following : — 

When a person is on board a boat which is moving 
uniformly along a stream, any mo\emQ.iit laa makes 
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produces exactly tlie same effect as if the boat were at 
rest. 

When a stone is let fall from a point on land it falls 
in the direction of the vertical, and when a stone is let 
fall from the mast of a ship in motion, it reaches the 
<leck at a point vertically below the starting point. 
Now the stone falls from the inast to the deck in the 
same time whether the vessel be at rest or in motion ; 
again, if the vessel passes horizontally through any 
distance, 3 ft. suppose, dunng the fall the stone also 
passes through 3 ft. horizontally, that is, through 
the same space as it would have passed through had it 
remained at the top of the mast. We conclude, therefore, 
that the horizontal motion due to the velocity of the 
vessel, and the vertical motion due to the attraction of the 
earth, have each their full effect in their own direction, 
that is to say, in the resultant motion the stone is dis- 
placed horizontally in a certain time exactly as if its 
vertical motion did not exist, and it is displaced ver- 
tically in the same time as if its horizontal motion did 
not exist. 

This will be made still plainer by reference to the 
following experiments : — 

Take a board abe (Fig. 117) which has a curved 
groove A B cut in it, so that the direction of the curve 
at B is horizontal. If a ball m be made to slide down 
this groove the direction of its motion is horizontal. 
If the groove be prolonged horizontally to the point m, 
and the surface of the groove and ball be so well 
polished that friction may be disregarded, after the 
ball has passed b it will move along Bum\3cL^ss^\W.\s5L 
velot'it/. At the instant the ba\\ m ^sts.^ci'a \\i«?i ^^\S3^.^> 
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let another ball m' fall vertically along b e, and let b u 
be taken at Euch a Icngtii that m mofca from b to u in 




Kg. 117. 

exactly the Eamc time as m' mores from b to e. If 
now the horizontal groove bo removed, and the ball be 
allowed to slide down the groove ab, and then to fall 
freely, it will neither arrive at the point u nor the point 
K, bat at a point d, having passed through a vertical 
distance d i: and a horizontal distance b ii. It will 
arrive at the point d in exactly the same time as tbe 
ball m' falling free would pass from D to B or the ball 
m after descending through the arc A B would pass from 
u tou. 



rallmg Bodies. 

20. The fall of bodies to the earth in various circom- 
Btances offers remarkable illustrations of the preceding 
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When bodies of diflferent material fall in the air, they 
do not usually pass through the same heights in the 
same time. A ball of lead and a scrap of paper fall 
through the air with very different velocities. The 
difference arises from the difference in the resistance 
offered by the air, which varies with the form and 
dimensions of the body and with the velocity. 

If the bodies are made to fall in a tube from which 
the air has been expelled, then the time of descent and 
the velocity acquired will be the same. The motion of 
all bodies in vacuo is uniformly accelerated. 

It is usual to call the force producing the motion 
"gravity," and to indicate the acceleration by g. Hence 
g is the number of feet added to the velocity of a body 
moving freely in vacuo for every second of time. This 
acceleration is not absolutely the same at all points on 
the earth's surface, but its variations are very small. It 
increases with the latitude of the place and decreases 
with the height above the sea. In London a velocity 
of nearly 32*2 feet is added in every second when a 
body moves in vacuo. 

We may therefore at once apply the formulse for 
uniform acceleration to the case of falling bodies. 
When the body falls from rest the equations of motion 
(§ 15) are 

V = gt 8 = ^ gi^ 

and by equating values of t from both equations ^ = 
2 gs. 

When the body has an initial velocity v these equa- 
tions of motion are 
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and by finding the value of t from the first equation 
and substituting in the second 

In all cases in which the body moves in a vertical line 
the space passed through is equal to the mean velocity 
multiplied by the time. 

Example /. A body falling under the action of 
gravity has a velocity of 30 ft. ; how far will it fall in 
5 seconds ? 

Initial velocity = 30 ft. 

Final „ = 30 + 5 x 32 



Mean ,, = 110 

5 



Space ,, 550 ft. 



Example 2, A body is projected vertically upwards 
with a velocity of 100 feet per second ; how far will it 
ascend in 3 seconds ? 

Initial velocity = 100 

Final „ = 100 — 3 x 32 

Mean ,, =52 

3 

Space ,, 156 
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2' 2' 2' 2' ' 



and 



generally the space passed tbrough 
in the n^^ second is the rfi^ odd 

number multiplied by ^. 

Fig. 118 will therefore repre- 
sent the divisions of the path cor- 
responding to different times, each 

part representing ^ feet. 

The student is recommended to 
consider well the graphic repre- 
sentation of the motion of falling 
bodies in Figs. 114 and 118, and 
to keep them constantly in remem- 
brance while solving the following 
exercises. 



IL— 



____ • 

Example 3. To find the space passed through in the 
n^^ second : — 

Velocity at commencement of 

n*^ second = n — Vg. 

Velocity at end of nth second 
= n^. 

Mean velocity and space >= ^ 
(2n-l)y. 

Substituting successively 1 , 2, 3, 
&c. for n, we find the spaces passed 
throusrh in the successive seconds 



in.— 



v.— , 



VI.— 



h 7 



9 



'Bvg.AY^. 
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Example 4. A body is projected vertically upwards 
with velocity v ; to what height will it rise ? 

The velocity at any point is given by the equation 
V* = V* — ^ ffs; but at the highest point the velocity 
is o. Hence, if h be the height o = v^ — 2 ^ A, 

hence h = rr 

The velocity acquired in falling from this height is 
given by the formula ir* = 2 gh; hence v = v, and 
the body strikes the ground with a velocity equal to 
the velocity of projection. 

Example 5. Find the time of ascent. 
Here 8 = vi — ^9^^ 
Put s = o, then v t — ^ g (^ =s o^ 

2V 
and ^ = o, or — 

9 

The first value corresponds with the instant of 

starting, and the second with the instant at which the 

body returns to the starting point. 

ya 
Again, put S = — , that is, the height to which the 

If 
body will rise, 

V 

then ^ = — 

9 
Now, this is half the whole time ; hence the time of 

ascent is equal to the time of descent. 

These results are important, and may be collected 
thus : — 

When a hody is projected vertically upwards with 

V 

veioctf?/ V, it rises for — seconds, reaches the height 



T— , folia in the same time as it took to ascend, and 
strikes the ground with the velocity v. 

21. Let ua now apply the eecond l&w of motion to 
find the position of a particle projected horiaontallj 
with Telocity v, and allowed to fall nnder the action of 
its weight, as represented ii 

Let A B represent the 
horizontal direction, and, 
according to a fixed scale, 
take equal distances a c, 
C| c,, &c. to represent the 
spaces which would be passed 
over in succcBsire seconds if 
the body were snbject only 
to the forc« of projection. 
At the points Ci, c,, &c. 
draw vertical lines repre- 
senting, according to the 
scale chosen, the spaces 
which wonld be passed 
through in 1, 2, 3, Ac. 
seconds if gravity were the 
only force. Thas, c, Oi ^ 
16 ft, cj a, = 16 X 4 ft., 
Ca, = 16 X 9 ft., &c. The 
points a,, a,, a^, &c. repre- 
sent the position of the par* 
tide at the end of the successive seconds, and the curve 
joining these points represents the path. 




Pig. 119. 
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Morin's Apparatus. 

22. If the particle could mark out its path on a 
vertical plane, it would trace out the curve a o^ Of If 
the plane could move horizontally while the body fell 
vertically, the same curve would be traced out on the 
plane. This fact is employed in Morin's apparatus, 
constructed to illustrate the laws of falling bodies. 

It consists of a cylinder with vertical axis (Fig. 120), 
made to revolve uniformly by means of a weight, 
the regularity of the motion being secured by a fly- 
wheel at the top. The cylinder is surrounded with 
paper ruled with horizontal and vertical lines. A 
cylindrical weight / carries a pencil, the point of 
which is pressed gently against the surface. The 
weight is detached by pulling the cord g, and is guided 
in its fall by two wires. If the cylinder did not revolve 
the pencil would trace a vertical line upon the surface, 
and if the cylinder revolved but the pencil remained 
stationary, a horizontal line would be traced. When, 
however, the cylinder turns and the weight falls, the 
curve represented in Fig. 121 is described. The lines 
Ci^i, CaOa represent the spaces described while the 
cylinder turns through the arcs a Cj, a Cj, &c. When 
these lines are measured they are found to be as the 
numbers 1, 4, 9, 16, thus confirming the theory of 
falling bodies. Moreover, the space passed over in a 
given time can be measured on the cylinder, and the 
raJne of the acceleration due to gravity can then be 
calculated. 



kohis'b apparatus. 
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Exercises. 

In the following exercises nse 32 ft. as an approximation for 
the acceleration due to gravity. 

On iJie formula V ^^Y ± gt. 

1. A body faJls for 8 seconds ; with what Velocity is it moTing 
at the end of that time ? — A ns, 256. 

2. If a body is let fall, how long will it take to acquire a 
velocity of 500 ft. per second ? — Ans. 15^ sees. 

8. A body is projected upward with a velocity of 80 ft. per 
second; determine the velocity it will have at the end of 

3 seconds, and the number of seconds that must elapse before its 
velocity equab its initial velocity. — Arts, 16 ft. ; 5 sees. 

4. A body is thrown downward with a velocity of 160 ft. per 
second ; find its velocity at the end of 5 seconds, and the number 
of seconds in which a body that is merely dropped would acquire 
that velocity. — Ans. 320 j 10 sees. 

5. A body A is projected downward with a velocity of 240 ft. 
per second; at the same instant another body B is projected 
upward with an equal velocity; how much faster will A be 
moving than B at the end of 6 seconds ? — Ans. 9 times. 

6. A body is thrown upward with a velocity of 96 ft. per 
second; with what velocity will it be moving at the end of 

4 seconds? — Ans, Downwards with a velocity of 32 ft. per 
second. 

7. A body is dropped from a certain height h, at the same 
instant as another is thrown upward ; what initial velocity must 
the latter have that it may meet the former half way P — Ans. 

y/gh. 

8. A body is at a given instant moving upward with a given 

velocity v ; show that it will be moving downward with an equal 

2v 
velocity after — seconds, and that it will reach its highest point 

■7 

alter - Boconds, 
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9. A body is thrown up with a velocity a g ; after how long 
will it be descending with a velocity h g ? — Ans. a+h. 

- On the forrmda 5 =■ Ft + J gf <• 

10. How many feet will be described in 7 seconds by a body 
that moves freely from rest under the action of gravity ? — Ans- 
784. 

11. Through how many yards would a body ficilling freely from 
rest descend in 3 minutes ? — Ans. 172,800. 

12. A body is projected downward with a velocity of 50 ft. per 
second ; how far will it fall in 4^ seconds ? — ^715. 549 ft. 

13. A body is projected upward with a velocity of 150 ft. per 
second ; how high will it have ascended in 64 seconds ? — Ans. 
299 ft. 

14. If a body is thrown upward with a velocity of 96 ft. per 
second, how iax will it be from the starting point at the end of 
4} seconds, and what will be the whole space it will have 
described f—Ans. 95 ft. ; 193 ft. 

15. A body is projected upward with a velocity of 3^ ft. per 
second ; determine the height of the body, and with what velo- 
city, and in what direction, it will be moving at the end of 4 
seconds. — Ans. Height 4gr, moving downward with velocity g. 

16. A body is projected upward with a velocity v ; show that 

it will return to the point of projection after — seconds. 

17. A body falls for a time *, and has a velocity V at the 
beginning, and v at the end of that time ; fbid the space described. 
—Ans, 4 (F + v) *. 

On thefomvula v* =■ F* -f- 2 gr s. 

18. If a body is thrown upward with a velocity of 36 ft. per 
second, find its greatest height. — Ans. 20|; ft. 

19. If a body falls freely through 1,600 ft., find the velocity it 
acquires. — Ans. 320 ft. 

20. A body is projected vertically upward with a velocity of 
100 ft. per second; how long will it taikA t() tqiu^ HJaaNss^ ^^^ ^ 
tower 100 ft. high ? — Ans. 1^ ox 5 aeca. 
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21. If a body is thrown upward with a velocity v, show that it 

will ascend through — ft. 

2gf 

22. Two particles are let fall from two given heights ; find the 
interval between their starting if they reach the ground at the 

same time. — Ans, — (t^h — s/Ji')* 

s/9 

23. A stone A is let Ml from a certain point, and after it has 
fallen for a second, another stone B is let fall from a point 100 
ft. lower down j in how many seconds will A overtake B ? — 
^715. 3^ seconds. 

24. A stone is dropped into a well and is heard to strike the 
water in 3 seconds; if the velocity of sound = 35 gr, find the 
depth of the surface of the water. 

(Let X = the depth, show that the time of fall of the stone = 

\/ 2aj XX 

and time of passage of the sound = -^ — • thus 



/ 2x 
V — = 3, therefore x = 4*155 ar.) 

9 

25. A stone A is projected vertically upward with a velocity of 

80 feet per second ; after 4 seconds, another stone B is let fall 
from the same point; how long will B move before it is over- 
taken by A, and how far will they then be from the point of 
projection ? — Ans, 1*3 ; 28*4. 

26. In the last example, if only 2 seconds had elapsed, would 
A ever have overtaken B ? 

27. The point A is 4 gr ft. above B ; a body is thrown upward 
from A with a velocity of 2 g ft. per second, and at the same 
instant another is thrown upward from B with a velocity of 3 ^ 
ft. per second ; show that after 4 seconds they will both be at A, 
moving downward with velocities 2 g and g feet respectively. 

28. A body was thrown from a height Sg and struck the 
ground with a velocity 5 g j what was the velocity of projection ? 
— Ans, Sg, 
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III.-PROJECTILES. 

23. We will now discuss the properties of the path 
of a projectile at greater length, and shall have occasion 
to refer to the following facts and definitions. 

If a fixed straight line and a fixed point be taken, 
the curve containing all points which are at the same 
distance from the line as from the point, is termed a 
parabola. The fixed straight line is termed the direc- 
trix of the parabola, and the fixed point the focus. 
A straight line through the focus perpendicular to the 
directrix is termed the axis, and the point in which 
the axis cuts the curve is termed the vertex. 

From the definition of a parabola it is proved in 
Geometry that if a tangent, o o, be drawn at any point o 
in a parabola, and then from another point f a straight 

line B c be drawn parallel to the axis, the ratio -nJ 

is constant, and equal to four times the distance of the 
point o from both the focus and the directrix of the 
parabola. 

In the theory of projectiles we omit the consideration 
of the resistance of the air, and suppose the body to 
move in a perfect vacuum. 

The path of a Projectile is a Parabola. 

24. It is evident that the path will be in the vertical 
plane through the line of projection : let it lie in the 
plane of the paper, and let o be the i^ovk^. ^1 ^t^"\<«56^<3^^ 
OM the line in which the \)od^ \a y^^V^^^^ ^^^ ^^ 

manifeBtlj be a tangent to ftie c\m^ ^^^^sr^^^- 
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Let V be the velocity of projection, and o the point 
at which the body would arrive with this velocity in 
the time t, so that oo =s v^ C^^g* ^^l)* 



c/** 




Fig. 121. 

From o draw o b vertical, and make o b = — ^ ; 

then, if there had been no velocity of projection, o b 
would be the space which the body would describe in 
the time t under the action of gravity only; and if 
gravity had not acted, the body would have been at o ; 
therefore when the body is simultaneously animated by 
its original velocity v, and that generated by gravity, it 
will be at b. 

Complete the parallelogram o n b o, then 

ON = CB = ^ 

BN = AC = Yt 

2V^ 



Hence 



BN* =YU^ = 
BN^ 2V 



ON 



= — = a constant, and there - 



ON g 

/ore B lies in a parabola, of wlivda. t\i^ «xAa \s 'si^xHaa^, 
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and the distance of m from the directrix or focus is 
V" 

25. From the point o draw od perpendicular to 
the directrix and meeting it in d, and let s be the 
focus, then v^ = 2^'od^2^*os. 

Hence, the velocity at any point of the parabola is 
that which would be acquired in falling from the direc- 
trix. The distance of the directrix is therefore inde- 
pendent of the angle of projection. If, then, a number 
of particles were projected from the point o with the 
same velocity at the same instant, in different direc- 
tions, one of which is vertical, all the parabolas described 
would have a common directrix which would be just 
reached by the particle whose path is vertical. 



To determine the greatest height to which the 

Projectile will rise. 

26. The velocity of projection may be supposed to 
consist of two velocities, one horizontally = v cos a, 
the other vertical = v sin a. It is evident that the 
horizontal velocity will remain the same, for every 
point on the curve for gravity acts vertically, and can 
produce no effect horizontally. The vertical motion of 
the body will be the same as if it were projected verti- 
cally with the velocity v sin a; hence, if h be the 
height required (ob Fig. 122) we have (§20) 

- V2 sin 2a 
fi = _ 

2g 
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To find the distance of the Focus £rom the vertex 

of the Parabola. 

27. At the highest point the vertical velocity is o, 
and the horizontal velocity v cos a. We may suppose 
the body projected at any point with the velocity and 
direction it has at that point. Suppose the body pro- 
jected at the point A (Fig. 119), then the equation of 
Fig. 121 becomes 

(AC)2 ^ 2(Y cos g) * 
CA g 

hence the distance of the focus from the vertex equals 

-z — cos 'a. Four times this distance is termed the 

latus rectum. 



To find the range of the Projectile, that is, the 
distance from the point of projection at which 
the body meets the horizontal plane through the 
point of projection. 

28. The range will evidently 
be twice the distance of the 
point of projection from the 
axis of the parabola. Let a 
be the point of projection, a t 
the direction of projection, ab 
the range on the horizontal 
plane through b, and t b 
Fig. 122. vertical. Let v be the velocity 

of projectioUj and the angle tab, and i \*\ift l\ma o^ 
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flighty that is, the time the particle takes to pass 
from A to B, then 

AT = V<, TB = iflr<«; hence 

TB \gf _ gt 



"" - AT 


Nt 




2V 


. • . Time of flight 


2V sin 
9 


a 


d AB = AT cos 


a ™ 


V'f cos a 


2 V* sin a cos a 






9 








But 2 sin a cos a 


'■ 


sin 2a 





.'. AB = Z* sin 2a 

9 

The greatest value which sin 2a can have is 1, which 
corresponds to a = 45° ; hence the range of a pro- 
jectile will be greatest when the angle of projection 
is 45°. 



To find the Equation to the Curve referred to 
Bectangular Co-ordinates. 

29. We find the equation when we express the 
relation between the variable lengths AG, G h, for anj 
point H of the curve (Fig. 122). 

Let Ao=»a;, OHsay, OAi=a, and t = the time 
of describing a h. 

Then a i = v f and a? ■= a i cos a = vi cos a. 
Also G I = a; tan a ; and h i =» -^g t^ \ 
hence y = qi — Hi^a \.wi a — \^^ % 
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X 



but from the first equation t = 



V cos a 



hence the equation is v = a? tan a jr==s r 

^ ^ 2V* cos *a. 

These Equations 

I. a? = V < cos a 

II. ^ = a? tan a — \g^ 

III. y = d? tan a — siro « — 

^ 2 V'* cos »a 

are frequently useful in solving problems. For ex- 
ample : — To find the range on an inclined plane. Let 6 
be the inclination of the plane and I the range, then in 
Equation III. substitute x = I cos 0, y = I sin 0. 

To find the time of fiight on an inclined plane. Find 
/ the range and substitute x = I cos in I. 

To find the angle of projection so as to hit a given 
object. The height and distance of the object must be 
known, and hence they may be substituted for y and a 

in Equation III., then remembering that r = 1 + 

tan ^a, we shall have a quadratic to determine tan a. 

30. This theory of projectiles rests on the supposi- 
tion that the motion takes place in a non-resisting 
medium, but the resistance of the air affects the motion 
of heavy bodies so materially as to render the parabolic 
theory nearly useless in practice. The path inclines to 
the earth more rapidly than is the case with a parabola : 
hence the range is much less. For example, when the 
velocity is about 2,000 ft., the resistance of the air is 
100 times the weight of the ball and the greatest range, 
which, according to theory should be 23 miles, is less 
tlian 1 mile. 
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The calculation of the exact modification of the path 
cansed hj this resistance mnst, however, be poetponed 
for the present ; it will soffice here to remark that it 
admits of precise estimation. With gnus and rifles 
sighted by theory great precision of aim has been 
attained. 

The sight of a rifle (Fig. 133) is nsnally graduated, 




so that the angle of projeo4»on (the angle between the 
line of Bight and the barrel) may be arranged according 
to the distance of the object. With long ranges (he 
height of the path ia considerable ; the trajectory of the 
Enfield rifle at a range of 1,000 yards is, at its highest 
point, 70 ft. above the horizontal plane. 



EuaciSEB, 

1. Abodj is prqjeoted at an uigle B andwith Telooit; V; find 
the Tertical velocity at the time t. — Ans. T sin a — gt. 

2. A body ia projeetod with TAotatj of 80 ft, per aeoond in ■ 
direction making an angle of 1K° with Vba botvusc-, ^x^'-^a 
Telodtyattheendofbalf aaecond.— A-M-TiT^^. (^\i&.'<Ib»"»" 
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Bultant of the horizontal and vertioal yelooities. — (g — 82 '2, 
Bin 15° = -2588).) 

3. In the above example find the range, greatest altitude, and 
time of flight.— ^ns. 55916 ft.; 3-745 ft. ; -965 sec. 

4. If the angle of projection be 45° and greatest height 125 ft., 
find the velooitj of projection, the range, and time of flight. — 
Ans. 126-86 ; 500 ; 5 57 sees. 

5. The velocity of projection is 259-21 ft. ; find the distance 
of the focus of the parabola from the point of projection. — Ans. 
1043-32025. 

6. The velocity of projection is 40^ ft. ; find the height of the 
directrix of the parabola. — Ans. 25^2- ft. 

7. The horizontal range » 1,000 ft., the time of flight — 
15 sees. ; find the direction and velocity of projection, and the 
greatest height.— ^ris. 74' 33' 48" (sin = -963925); 2505 ft.; 
905-36 ft. 

8. Velocities of 35 ft. and 12 ft. per second, in directions at 
right angles to each other, are simultaneously communicated to 
a body ; determine the resultant velocity.— ^rw. 37. 

9. If at the highest point of the path of a projectile the velocity 
be altered without altering the direction of motion, will the time 
of reaching the horizontal plane which passes through the point 
of projection be altered ? 

10. Show that the greatest range up a plane inclined at 30° 
is two-thirds of the greatest range on a horizontal plane, the 
initial velocity being the same in the two cases. 

11. A body is projected with the velocity 5g at an inclination 
of 75° to the horizon ; determine the range. — Ans. 12igr. 

12. If two projectiles have the same initial velocity and the 
same horizontal range, the foci of their paths are at equal dis- 
tances from the horizontal plane. 

13. A body is projected with a velocity Y and angle of pro- 
jection a ; determine the velocity with which another must be 
projected vertically, so that the two may reach the ground at the 
same instant. — Ans. Y sin a. 

14. A heavy particle is projected from a point with a velocity 
of 90 A, and in a direction indined B0° io \]b.Q \ioxukQu *, find its 
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distanoe from the point of projeotion at the end of 2 seoonds. 
^Ans. 157-97 ft. 

15. A number of particles ore projected from a fixed point in 
one plane, so that their least velocity is constant ; show that all 
of them will he found at the same instant on the same vertical 
line. 

16. The horizontal range of a projectile is three times the 
greatest altitude; find the angle of projection. — Ans, 53° 8' 
(tan = I). 

17. A body is projected with velocity of 150 ft. per sec. and 
angle of projection 60° ; find the direction, velocity, and height 
at the end of 5 seconds.— ^tis. V = 81-177 ft.; H = 247*13 ft. j 
a = 157° 30' (sin a = -382523). 

18. The height of a projectile at a distance of 880 yards is 
100 ft., and the whole range 1,200 yards ; find the velocity and 

25 

direction of projection. — Ans. 645*1 ft.; 8* 5' (tan = yf'J* 

19. Two bodies are projected with the same velocity Y and 
making equal angles (a) with the vertical from a point on an 
inclined plane ( Z 0), one moving directly up the plane and the 

other down ; compare the ranges. — Ans, ^ — — : • 

cos (a — 6) 

20. Show in the above case that the ratio of the times of flight 
is equal to that of the ranges. 



IV.— MASS. 



31. Hitherto we have considered a force producing 
motion as measured by the acceleration or the velocity 
it generates. It is, however, necessary to take into 
account the quantity of matter moved, 'W\i^\!L>2^'^ ^'«b!l^ 
force acts oa different bodies, \t igito^via^^ \x!l ^"^^^ ^ 
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nniform acceleration ; bat the acceleration will not be 
the same in both cases. 

This difference arises from what is called the mass of 
the bodies. 

32. Mass is a term for the quantity of matter in a 
body. It is not easy to giye such a definition of mass 
as will lead us at once to a method of measuring it. 
We are compelled to measure mass by its effects. 

We assume that the attraction of the earth on all 
particles of matter is the same, and is not dependent 
on the nature of the matter attracted. This assumption 
seems to be justified by the fact that bodies of all kinds 
fall with equal velocity in the exhausted receiver of an 
air-pump. Hence we measure the mass of a body by 
its weight, and can only define the mass as a quantity 
proportional to the weight. If, then, at the same spot 
in the earth^s surface one body is twice as heavy as 
another, the mass of the first is twice that of the 
second. 

Suppose, however, the body is weighed by a spring 
balance (Fig. 2) at a certain place, aud weighed 
again by the same instrument at another place nearer 
the equator, it will be found that the body is lighter at 
the latter place. It is found also that the acceleration 
due to the attraction of the earth is also less at the 
second place than at the first in the same proportion. 
This illuetrates the fact that when the mass remains 
the same, the weight varies as the acceleration due to 
gravity. Consequently, writing m for mass, w for 
weight, and g for acceleration due to gravity, 
w varies as m when g is constant, 
w varies as g when ml is constant ; 
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therefore w varies as m^ when both vary; and there- 
fore, by a theorem of algebra, if 

= some constant quantity, 
vf = cug. 
By selecting a suitable unit of mass we may make this 
constant unity ; 

then w = M^. 

This formula exhibits a relation between the statical 
and the dynamical measure of force. When a force 
acts upon a particle, the dynamical effect of the force 
(supposing the particle to move) is measured by the 
acceleration produced. The statical effect, supposing 
the particle to be kept at rest, is the pressure pro- 
duced ; and if p be the pressure, m the mass, and /the 
acceleration, then p = m •/. 

If for H we write its value in the above equation, we 
have 

f=9 - 
w 

This result may be expressed in words as follows : — 

C3. When pressure produces motion, the acceleration 
varies directly as the pressure, and inversely as the 
mass. 

The product M/is sometimes called the moving force, 
and this statement is then made thus — the moving 
force is proportional to the pressure. This law may 
be illustrated by the following arrangement : — 

Suppose two weights p and q, whoso masses aie 
respectively m and m', to be connected by a fine inex- 
tensible cord passing over a fixed pulley. If p = q 
there will be no motion ; if p be greater than a tlvciKftk 
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will be a pressure producing motion equal to the excess 

of p over Q or (p — q). The mass moyed is w + m\ 

hence 

f{m +77z') = P — Q, 

P O 

but w = — and rn! = -^ 

9 9 

therefore f=g ^ ^ 

P + Q 

84. To find the tension in the cord. 

We may consider the tension t to be the upward 
force acting both on p and q ; the pressure producing 
the motion of p downwards will be p — t, and the 
pressure moving q upwards t — q, and the accelera- 
tions are the same ; 

hence /= — — — 

m 

m 
therefore ^ 

or dividing by g^ 



m m' 



P — T _ T — Q 

P Q 

2P0 

consequently T = ^ 

35. For example, suppose two weights connected by a 
cord passing over a fixed pulley to be 3 ozs. and 5 ozs. 
respectively ; then, /= 32-|^ = 8, and if the weights 
are allowed to move from rest, the equations of 
motion become v = St and s == 4i^, The tension in 

the cord will be ^ ^ ^^^ = 31 If the 8 lbs., 

3 + 5 ^ ' 
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instead of being divided into unequal parts 3 and 5, were 
divided into equal parts, the tension of the string would 
be 4 lbs. ; hence we see that the tension is less when the 
parts are unequal than when they are equal. That 
which is true in this particular case is generally true. 



Attwood's KCachine* 

S 6 . The machine tepresented in the figure was devised 
by Attwood for testing experimentally the laws of 
motion and the results derived from the theory of falling 
bodies. 

It consists of an upright beam, supporting at the 
upper extremity a nicely constructed wheel turning on 
a horizontal axis, and two equal weights p, p', connected 
by a fine silk thread which passes over a groove in the 
wheel. To diminish friction the axis of the larger 
wheel turns on friction wheels (Fig. 124). 

The pillar is famished with a graduated scale, a 
movable ring n, and stage m. 

Another important appendage to the machine is a 
small clock with a pendulum beating seconds. 

Suppose the weights p and p' to be at first equal : 
they will then be at rest. 

Let the movable ring be in the position n, below the 
weight p and on this weight place a small bar p. p will 
descend with accelerated velocity until it reaches the 
ring (n). Here the bar p will be lifted off the weight 
p by means of the ring («), and p will move onward 
with a uniform velocity equal to the velocity at th^ 
moment when (p) was xetaVue^ \i^ ^ev T«Jk%- ^^^ 
place the stage in such a posvtVoxL \\v8X. ^^ ^'e^^cis* 
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may reacli it in exactly one second after it has passed 
the ring (n). The distance between the stage and 
ring will be the space described by a body moving with 
a uniform velocity in a unit of time. 

Let us now suppose that the ring is exactly so far 
below the starting-point p as to lift off the bar when p 
has moved for exactly one second. Also let the stage 
be so placed as to stop p exactly one second after the 
bar has been removed. Then the distance n m is the 
acceleration. Now the following relation is found to 
exist between this acceleration and the weights : if we 
double the weight of the bar p, while we keep the sum 
of the weights pp' and p the same, we double the 
acceleration, and if we take a bar n times the weight 
of the first, the second acceleration will be n times 
that of the first. 

If now we keep the bar the same, but double the 
sum of the weights, we shall find that the acceleration 
is then only half wbat it was before, and generally if 
we multiply the weight moved by n we shall divide the 
acceleration by n. 

Thus the acceleration varies directly as the pressure 
producing motion, and inversely as the mass moved. 
In every respect we find the results agree with the 
theory of Article 33. 

The chief advantage secured by this machine is that 
we may make the acceleration as small as we please, 
and thus render the motion slow enough to be observed 
without difficulty. 

Suppose, for example, that the equal weights are 
each 31*7 grammes and the bar 1 gramme^ thftij.^t»k\ssj^ 
the acceler&tion due to gta^ly a-a ^^•'3t.^ 'S!l^^V"»^^^^n'^'^ 
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theory of Article 33, an acceleration equal to 32*2 x 

32-7 + 31-7 "" 2 * ^^^ ^^ ^® ^®®P ^^® ^^^ ^^ 
thronghont the time it is found that the space described 
in the first second is ^ ft., in the next second 3 X ^ ft. 
in the third 5 x ^ ft. and in the nth second the nth odd 
number multiplied by ^ ft. 

Again, by cutting oflF the pressure producing motion 
at the end of the successive seconds and measuring the 
spaces passed through in the next second, it is found 
that the velocity at the end of the first second is ^ ft., 
at the end of the next 2 x } ft., and at the end of the 
third 3 X i ft., and at the end of the nth second 
n X ^ ft. Thus the results of the experiment agree 
entirely with those of the theory of falling bodies. 



Motion down an Inclined Plane. 

37. Suppose a body of weight w to rest on a 
smooth inclined plane ; in Statics we have shown that 
a force p acting in the direction of the plane will sup- 
port the body if p = w ^ , h being the height of the 

V 

T 

plane, and I the length. Hence w — is the resultant of 

V 

the weight and reaction of the plane, and is the pres- 
sure producing motion when the body is free to move 
down the plane. 

Consequently, if/ = the acceleration down the plane 
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hence, sabstituting for p 

. h 

Thus all the circumstances of the motion of a body 
down an inclined plane may be found in precisely the 
same way as in the case of a body falling freely by 

using ^ ~ as the acceleration instead of g. 

To find the velocity acquired by the body in falling 
down the length of the plane. 

38. The formula v'^ = 2f8 becomes in this case 

v'' = 2'g!!i'l=2gh 

But this is the equation which gives the velocity of 
a body falling freely down a height = h. 

Hence the velocity acquired in sliding down a smooth 
inclined plane is the same as would bo acquired in 
falling freely through a vertical space equal to the 
height of the plane. 

The time of falling from rest down a chord of a verii- 
cal circle drawn from the highest point is constant. 

39. Let A be the highest 
point of a vertical circle (Fig. 
125), AB a diameter, ao any 
chord. 

Draw the tangent at b meet- 
ing A produced in d. Then 
the triangles A c b, ab d having 
an angle a common and the 
right angles at o and b eq\ia\, txx^ ^vc£lS^\^x. 




B 
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Let t be the time of falling down a o ; then 

^ ^ AD 

AC AB ^ , 

And -T-n = A n > so t^** -^^ = 3 ^ V* 

But if i' be the time of falling down a b ; then 

That is, t is equal to the time of falling freely down 
the vertical diameter ab. This establishes the pro- 
position. 

In the same manner we may show that the time of 
falling from rest down a chord passing through the 
lowest point is constant. 

40. This proposition frequently enables us to find 
what are termed lines of quickest descent from a point 
to a curve or from one line to another. For example, 
suppose a curve touches the circle in the point c, then 
A is the line of quickest descent from a to the curve. 
If any other point in the curve be joined with a, the 
line formed will consist of a chord of the circle (the time 
down which is equal to the time down a o) and a part 
without the circle. Hence the time down the whole is 
greater than the time down a c. 

For the solution of such problems we must therefore 
devise a construction which will furnish a circle having 
the given point for its highest point, and touching the 
given line. The following constructions should be 
followed out and demonstrated : — 

/. Find the straight line of quickest descent from a 
point A to a given line c b, neither horizontal nor 
vertical. 
Draw a borizontal line throxigb. a, m^^Wxx^ ^\i ykici^ 
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and describe a circle touching ao in A and ob in a 
point D ; join a d, and it will be the line required. 

2. From a point A without a given circle to the circle. 

Join A with the lowest point l of the circle ; then if 
A L cut the circle in d, ad is the straight line of 
quickest descent. 

3. From a point A within a given circle to the circle. 

Join the point A with the highest point n of the 
circle, and produce h a to meet the circle again in c ; 
A is the line required. 

Join o H, o 0, and draw a n paral- 
lel to o H, then z.nao=z.ohc. 
Therefore l is ao = l nca, hence 
K A = N c, and a circle having n for 
centre and k a for radius will pass 
through A and c, having A for 
its highest point and touching the first circle in the 
point o. 

4. From a straight line B o to a circumference 
lelow it. 

Draw a tangent l o at the lowest point l of the 
circle, meeting b o in c ; on B o take c a = o l, and 
draw A L cutting the circle in d ; a d is the line 
required. 

It is evident from Example 2 that the line produced 
passes through l, and it is also evident from Exam^l^ ^ 
that it also passes througb. t\i^ "^oVcA. Oil C52rc&»'w^» fc- ^ 
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a circle toncluDg tbo line b c in a point a and the given 
circle in l. 

5. From one given circle to another. 

Draw a line from h, the highest point of the first, to 
L, the lowest point of the second, cutting the circles in 
A and D respectively ; a d is the line required. 

It is evident from Example 4 that the straight line 
must pass through h, and from § 39 that it must cut 
the second circle in the point d, which is the point of 
contact of a circle drawn to touch the first circle h, 
and also to touch the second circle. 

EXEBCISES. 

1. How long must a force of \ lb. act on a weight of 100 lbs. 
to generate a velocity of Z'g ft. per second ? — Ans, 10 minutes. 

2. The velocity of a mass of 1 00 lbs. under the action of a force 
increases from 30 to 80 ft. per second in 5 seconds ; find the 

inovmg force. — Ans. lbs. 

9 
8. Two equal weights, each 18*6, are suspended over a fixed 

pulley ; what must be added to one of them that it may descend 

through 100 ft. in 8 seconds {g = 32*2) ? — Ans. 4i oz. 

4. A mass of 18 lbs. is divided into two parts, which are sus> 
pended from a cord passing over a fixed pulley ; the heavier part 
■descends through 13 yards in 13 seconds j find the weights. — 
Ans. 9-129 lbs. j 8871 lbs. 

5. A force of 4 oz. draws a weight of 80^ oz. along a smooth 
horizontal plane ; what will be the space passed through in 5 
seconds ? — Ans, 2*5 ft. 

6. A weight of 4 oz. hanging vertically from a cord passing 
over the edge of a smooth table draws a weight of 49 4 oz. along 
the table ; what will be the space passed through in 6 seconds ? 

— Ans. 4- ft. 
8 

7. Compare this question with the igitecft^m^, 

S. If in Fig, 124 -P and P* 'weigh. ^ Wis. «k«LO^, «sA ^ \?«i^ 
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half a pound, find the space described in 7 seconds, supposing 
that whenjp is laid on P an initial rdodutf <if B ft. -per veeond is 
commnnicated to it. — Ans. 58*56 fb. 

9. A body falls 9 ft. along an inclined plane in the first second $ 
find the inclination of the plane. — Ans» Ht. : L. as 9 : IG'l, or 
the inclination = 34°. 

10. The length of an inclined plane is 400 fb., its height 250 ; 
a body falls from rest from the top of the plane ; what space will 
it have fallen through in 3^ seconds ; what time will it be in 
falling through 300 fb. ; and what velocity will it have acquired 
when it has arrived within 50 ft. of the bottom of the plane ?— 
Ans. 123-23 ft. j 5*46 seconds; 118*67 ft. 

11. A body slides down a smooth inclined plane of given 
height ; show that the time of its descent varies directly as the 
length of the plane. 

12. Find the position of a point on the circumference of a 
circle, so that the time of descent down an inclined plane to the 
centre of the circle may be equal to the time of descent down an 
inclined plane to the lowest point of the circle.— ^n<. 60° from 
the highest point. 

13. If / be the measure of an acceleration when m seconds 
is the unit of time, and n ft. the unit of length, find the measure 
of acceleration when a second and a foot are the units.^il7u. 

n 

14. Two weights connected by a string, passing over a fixed 
pulley, move for 3 seconds and are then at the same level ; if the 
string be suddenly cut, find the distance between them in 3 
seconds more. 

15. A smooth plane is inclined at an angle of 30° to the hori- 
zon ; a body is started up the plane with a velocity g ; find the 
time it takes to describe a space g. 

16. A body falls down a given inclined plane, of length 24 ft., 
and at the instant when it begins to fall, another is projected up- 
ward from the bottom of the plane with a velocity equal to that 
acquired in falling down an equally inclined plane three tixsA^S^ 
length J where will they meet ?— Aus. ^ &. ^ott^* 
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17. The length of an inclined plane is 40 ft., and its inclination 
is 80° ; mark ont npon it a part, eqnal to the height, through 
which a body, falling down the plane, will move whilst another 
body wonld descend freely through the height. — Ans, It must 
begin 2^ ft. from the top. 

18. Divide the length of a given inclined plane into three parts, 
so that the times of descent down them successively may be 
equal. (See Fig. 118). — Ans. i, j and^. 

19. Find the straight line of quickest descent. 
a. From a circle to a straight line below it. 
h. From a circle to a point below it. 

c. From a given oircle to another circle within it. 

d. From a given straight line to a point. 

20. Show that the velocity acquired in falling from rest down 
any curve is the same as that acquired in fSalling down the vertical 
height of the curve. 

(Suppose the curve made up of small straight lines.) 

21. A weight of 7 lbs. falls down a rough inclined plane 
whose height is to the length as 8 : 17, the coefficient of friction 
being one-third; how far will it descend in 4 seconds? — Ans, 

(The pressure producing motion is (W* y 5" "t) 

* V Ob/ 

22. If a body be projected down a plane inclined at 30° to the 
horizon, with a velocity equal to three-fourths of that due 
to the height of the plane, the time down the plane from rest 
will eqnal the time down its vertical height. 

23. A body descending vertically draws an equal body 25 ft. 
in 24 seconds up a plane inclined at 30° to the horizon, by means 
of a string passing over a pulley at the top of the plane ; deter- 
mine from these data the force of gravity. — Ans. 32. 

24. Two bodies start from the top of an inclined plane, one 

falling down the length of the plane, and the other down its 

height; it is observed that the former is four times as long as 

the latter in reaching the base. Bequired the inclination of the 

h 1 

plane, — Jns, T *= T 
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25. What velocity of projection must be given to a body thrown 
up an inclined plane of height 4ii g, that it may jtut reach the top, 
and in what time will it return to the starting point ? — Ans. 
V = 3 gr ; * = 6 sees. 

26. A given weight P draws another given weight W np an 

inclined plane of given height and length, by means of a string 

parallel to the plane ; when and where must P cease to act, that 

W may just reach the top ? — 

. a P + WW . P + W 2P7il» 
Ans. S = . ; t = ,/ 

r l+h P ^ {m — Wh) {h-\'l)g 



v.— CENTEIFUGAL FOEOE. 

41. When a body describes a circle of radius r, 
with uniform velocity v, we have seen that the normal 

acceleration is — (§ 17). 

Consequently, in order to keep the body- moving in 

a circle there must be a force acting upon it which will 

produce a constant acceleration towards the centre, 

t^ 
equal to — . Hence, if w be the weight of the 
r 

body, p the pressure tending towards the centre^ then 

r " :m "■ ^ ^ ' 
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A pressure equal and opposite to 
p is sometimes spoken of as the cen> 
trifagal force. 

In illustration of this formula, let 
a stone be tied to the end of a string 
and whirled round (Fig. 126). 
Suppose the striug to be r feet long, 
the stone to weigh tv lbs., and to 
move with a velocity of v feet per 
second; now, the tendency of the 
stone at each instant is to move ofif 
in the direction of a tangent to the 
circle it describes (§ 18), therefore 
there must be exerted on it at each 
instant a certain pressure p acting 
along the radius and towards the 
centre sufficient to deflect it from 
the tangent and to keep it in the 
circle ; this pressure is given by the 
formula 

ff r 

In the case supposed, the pressure 
is supplied by the hand, and gives 
Fig. 126. jiQQ to the same sensation as would 

be produced if the stone were pulled outward with a 
pressure of p lbs. Whenever a heavy body moves in 
a circle under the action of any forces whatever, the 
sum of the resolved parts of the forces along the radius 

must at each instant equal - — • — , or the bodv 

will Dot continue to move in ttie dxek. 
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Example, Suppose the string in Fig. 12 G ca- 
pable of sustaining a weight w at rest equal to six 
times the weight of the stone ; if the stone describes a 
circle 6 ft. in diameter, required the number of revo- 
lutions per minute when the string is on the point of 
breaking. 

The normal acceleration is — ; hence, if t is the 

r 

tension, 

J-* _ 1 
r "" ^ W' 

When, however, the string is on the point of breaking 

T = 6W; 

hence -^ = 32 x 6; 
o 

and V == 24. 

Now the circumference is 6*, therefore the stone 
which describes 24 ft. in 1 sec. describes 6ir in 
(6ir -f- 24) sees, and makes 60 (24 -t- 6») per minute. 

Another example of centrifugal force will be afforded 
by a carriage describing a curve of small radius. Let 
Q be the C. G. of the vehicle (Fig. 127), then, whether 
the carriage be at rest or in motion along a straight 
line, the weight will act only in the direction of the 
vertical o a which falls within the wheels, and conse- 
quently the equilibrium is stable. 

Suppose now the carriage to describe a curve of 
small radius, then a horizontal centrifugal force will bo 
generated. 

Let o A represent the weight, and let g b, according 
to the same scale, represent the centrifugal force ; thesa 
forces will have a resultant q o, la. \)cka ^^ox^^s ^ ^ *^^^^^ 
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without the wheels, and, con- 
sequentiy, the carriage will be 
overtDrned. The tendency' to 
overturn may be counteracted 
by inclining the plane on which 
the body morea. On railroads, 
where sharp curves occur, the 
outer rail is made higher than 
the inner, BO that the reaction 
of the riuls ia not vertical but 
has the direction of the resultant of the centrifugal force 
and the weight of the train, 

42. When a body turns about a fixed axis, each 
point in it describes a circumference in a plane perpen- 
dicular to the axis of rota- 
tion, having a radius equal 
to the distance of the point 
from the axis (Fig. 128). 

If the rotatory motion is 
uniform, every paint de- 
scribes an arc, whose length 
is proportional to the time, 
and its velocity is thus 
measnred by the length of 
the arc described in one 
second, 

ime body describe an entire 
ae time, and as the circum- 
proportional to their radii, it 




Fig. 128. 



Aa all the points of the s: 
circumference in the same 
ferenees of all circles 
is evident that the velocities of the points of the same 
rotating' body change at difl'ercnt points, and are in- 
versely proportional to tlic ivBlaacti ttom the axis. 



OENIRIFUQAL TOROE. 193 

Thas, at the sarface of the earth the velocity is greatest 
at the equator, and diminishes as we advance towards 
the poles, so that at each pole it is nothing, since 
these points turn on themselves without displacement. 

If the earth were at rest it would be a sphere differ- 
ing only from a perfect sphere by the inequalities of its 
snrface, ^hich are exceedingly small compared with 
its size. The motion round its axis cansea the land at 
the equator to bulge out, whilst the poles are flattened. 

This effect may be illustrated by means of the appa- 
ratus represented by Fig. 129. 




Fig, 129, 

The instrument consists of two circles turned about 
a vertical axis by a multiplying wheel turned by the 
hand. 

In proportion as the velocity of rotation increases, 
the diameter extends in a direotioQ ^6t^^5^.'si»s^*l '^^ 
axis, and dimraishes id the &i«<A\oii. "i^ "Cuei fciia. 
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43. To the variation of the centrifugal force and 
to the spheroidal shape of the earth is due the variation 
in the force of gravity. 

Let pp' represent the 
axis (Fig. 130). be' the 
equator ; let A he the posi- 
tion of a certain place on 
1 * the globe. Take a line a o 
in the direction of the radius 
to represent the attraction 
of the earth, and a line a b 
perpendicular to the axis 
to represent the centrifugal 
force. The diagonal a d of the parallelogram on these 
lines will represent the resultant. This line will there- 
fore have the direction of the plumb-line at A. When 
the point a is at the equator, the centrifugal force is 
greatest, and then is directly opposed to the resultant 
attraction of the earth. As a moves towards the pole 
A B diminishes, and makes a smaller angle with the 
radius. From both these causes, supposing the force 
A to remain the same, the resultant a d is increased. 
At the pole the force a b vanishes and the resultant 
force is then a maximum. 

From another cause the force of gravity decreases as 
we pass from the pole towards the equator. The polar 
diameter is, as we have said, shorter than the equatorial, 
the first being 7,926 and the second 7,899 miles, and 
the attracting mass is therefore nearer to a body at the 
pole than at the equator. 

44. The centrifugal force generated in a body made 
to describe a circle is "otilised m nmaovx^ ^^ays^ a 
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striking example being afiTorded by the governor of a 
steam engine (Fig. 131). xx' is a rod which revolves 




with all that is attached to it when the engine is in 
action ; the bar o o' and the arc d d' are fixed to the axis, 
but the ring m through which the axis passes is capable 
of moving up and down on it. 

This ring is connected with a valve which 
regulates the supply of steam to the cylinder. The 
valve is open when m occupies its lowest position, and 
closes as m rises. When the engine is at rest the 
weight of the balls b b' brings them close to the axis, 
but when the machinery is in action a centrifugal force is 
developed, which causes them to rise until the resultant 
of this force and the weight act^ m \>CLfe ^x^^i^c^^xk. <:^ *^^ 
rod o m. As the balls rise ttie Tmg -ml \a ^^^^^ 'Wv^'Oc.^ 
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supply of steam is lessened, and this is the case so long 
as the speed of the engine increases. If the machine 
moves more slowly the balls fall and the valve opens. 
The engine therefore regulates itself. 



Exercises. 

1. A railway carriage weighing 5 tons passes ronnd a curve 
the radins of which is 250 yards ; when the carriage is moying 
at the rate of 20 miles an hour, what is the outward pressure on 
the rails ? — Ans, 400 lbs. nearly. 

2. What ought to be the difference of level of the two rails to 
bring the whole pressure perpendicular to the plane of the rails, 
the distance between them being 57 inches ? — Ans. 2^ inches. 

3. A weight of 3 lbs. is attadied by a string, 3 feet long, to a 

point in a smooth horizontal table, and made to revolve round 

the point five times in 3 seconds ; find the tension of the string. — 

100 »« 

Ans. ' , 

9 

4. Find the force towards the centre required to make a body 
weighing 2 lbs. move uniformly in a circle whose radius is 5 ft., 
with such a velocity as to complete a revolution in 5 seconds. — 

Ans. — — . 
^9 

5. A stone of 1 lb. weight is whirled round horizontally by a 

string 44ft. long, having one end fixed j find the time of revolu- 

tion when the tension of the string is 9 lbs. — Ans. . 

9 

6. A body weighing P lbs. is at one end of a string, and a body 
weighing Q lbs. at the other ; the system is in motion on a smooth 
horizontal table, P and Q describing circles with uniform velo- 
cities ; determine the position of the point in the string which 
does not move. — Ans. The 0. G. of P and Q. 

7. A string 2 feet long can just support a weight of 16*1 lbs. 
without breaking j one end of t\^© etacmg is ^^^.to «> ^^oint -on a 

smooth horizontal table 5 a weigM. oi 4^^^. \a ^asJwsaa^ \ft "Oi^fe 
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oliher end and describes a oirde with uniform velocity ronnd the 
fixed point as centre : determine the greatest velocity which can 
be given to the weight so as not to break the string. — Ant, 
16-1 ft. 

8. A governor revolves once a second, the length of the rods 
which are jointed at a point C in the axis being 2 ft.; find the angle 
which they make with the vertical. — Ans, 66° (sin = 'QISB). 

9. Let the angular velocity be increased by 1-1 0th of its 
amount find the corresponding change in the angle. — Ant. 5° 
nearly (sin => '9455). 



VI.— MOMENTUM. 

45. We have already shown that if p he a pressure 
producing the motion of a mass m, and if / be the 
velocity generated in a unit of time, then by taking a 
suitable unit of mass the relation of these quantities is 
expressed by the equation p =/m. 

The product of the mass into the velocity at any 
instant is termed the momentum at that instant. 

Hence, when the acceleration is uniform, /m is the 
momentum at the end of the first second, and also the. 
increase of momentum for every second. The above 
equation states that the momentum generated in a unit 
of time is proportional to the force. 

The momentum bears the same relation to the moving 
force that the velocity does to the acceleration; the 
momentum varies with the time, and the moving force 
is the increase of momentum for a second oi '^xcsl^. 

46. When a moving body -^to^xjLft^^ a(>5i^ ^s^^*^^-^ ^ 



another hoAy, the greater the momentum of the first 
the greater the momentum generated in the second. 
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As an illustration, refer to the machine for driviDg 
piles, represented in Fig. 132. The block of iron a is 
raised to the top of the frame o o, and allowed to fall. 
It might lie on the head of the pile b for an indefinite 
length of time without producing any effect, but a 
momentum is generated in the fall which is destroyed 
in an exceedingly short time by the resistance of the 
pile. On the one hand we see that the greater the 
mass A, and the greater the height from which it falls, 
the greater is the effect, and on the other hand the 
greater the resistance of th^ pile the shorter the time 
during which it is overcome by the momentum of a. 

Whenever the resistance to be overcome is great, the 
action of the force must be limited to a proportionately 
short time. 

When a hammer is made to fall on the head of a 
nail the momentum of the hammer at the instant of 
contact is spent in overcomiug the cohesion of the 
particles of the wood. With a given momentum the 
shorter the duration of the shock the greater the 
effect of the force in overcoming this resistance. Sup- 
pose that the board is not firmly supported so that it 
yields under the blow (Fig. 133), the duration of the 
shock is prolonged, the resistance which may be over- 
come is lessened, and consequently the nail drives 
badly. It enters much better, however, if we place 
behind the plank some solid body which diminishes the 
recoil of the board., 

47. We have considered hitherto forces which act 
for an appreciable time, but we now see that there may 
be forces which act for a very brie£ -^^^^^ «sA ^^ ^"^^s^- 
this short time produce or destioy «i ^x^^^ xsNSSc^ss^i^^sssv. 
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Fig. 138 





Fig. 134. 



These are termed impulsive forces. An impulsive force 
is one which produces a finite change of motion in an 
indefinitely short time. 

It is evident that such forces cannot he measured by 
the momentum generated in a unit of time ; they are 
estimated by the whole momentum generated. Suppose, 
for example, that a blow given to a cricket ball of 
weight w drives it from the bat with a velocity v, then 

the momentum v x — is the measv^^ oi t\v^ force, 

9 
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It must be remarked that the momentum of the 
body depends on the mass and not on the weight ; a 
given mass of lead moving with a giren velocit; wonld 
strike the same blow in England as in India, although 
the acceleration due to gravity, and therefore the 
weight would not be the eame in the two places. 

The momentnm of a moving mass at any instant 
is sometimes called the accumulated force. We have 
seen that a small force acting for some time may 
generate a momentum which if expended in a very 
short interval will overcome a large resistance. This 
principle is employed frequently in machinery. The 
instmmeut represented in Fig. 135, for stamping coins 
and medals is an example. A rapid motion is im- 
parted to the weights a a', which drives the die b on to 
the coin, when tlie accumulated momentnm is destroyed 
in a brief interval by the resistance encountered. 
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48. The first and second Laws of Motion explain the 
action of external forces on a body. £7 their means 
we are able to investigate the motion of a particle 
subjected to given forces. We have yet to examine 
the cases of motion which arise from the mutual action 
between or among two or more bodies. We shall be 
assisted in understanding the nature of this action by 
the following illustrations :— 

(i.) When the block of the pile- driving engine (Fig. 
132), after falling from a strikes b, it exerts a force on the 
pile which causes it for a very short interval of time to 
overcome the resistance offered by the soil. At the 
same time the block itself is acted on by a force upwards 
which brings it to rest, and these two forces are equal. 

(ii.) If two balls moving in the same straight line are 
made to strike one another, the force of the first on the 
second is exactly equal to that of the second on the first, 
the force being measured by the momentum. 

*"' N 



© 



f @ 

Fig. 135 5. 

Let two balls m and n (Fig. 135 5) be approaching 
along the straight line a h with equal momentum, then it 
will be found that if they are not capable of rebounding, 
they will be reduced to rest after impact, the action on 
one being exactly equal and opposite to that on the 
other. Suppose, for example, that the balls weigh 
6 lbs. and 8 lbs. respectively, and that their velocities are 
4 ft and 3 ft, per second, bo tTaat the momentum of 
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each is 24 -r- g^ then they will both be brought to rest 
by the impact. 

It is worthy of remark that in this case the C. O. of 
the two balls will not change its position during the 
motion ; for let c be the point at which the balls meet, 
then a c and h o will be described in the same time, and 
therefore these lines must be proportional to the velo- 
cities of the balls. But since the momenta are equal, 
the velocities must be inversely proportional to the 
masses, and consequently c divides the line ah into 
parts inversely proportional to the masses. Therefore 
c coincides with the C.G. of the two bodies, that is to 
say, the C.G. is the point at which the bodies will meet, 
and therefore has a fixed position. 

(iii.) If a cannon free to move on a smooth plane be 
discharged, the cannon will recoil, and its momentum 
will be exactly equal to that of the shot, but in the 
opposite direction. Let Wi be the weight of the shot, 
and Vi its velocity on leaving the gun, and let w^ be the 
weight of the gun, and v^ its velocity of recoil, then 

Wi Vi = w% »j. 

We need not write the g in the denominators, for they 
cancel. 

(iv.) Suppose a shell to be moving on a horizontal 
plane with a velocity v, and suppose it to burst in the 
line of its motion into two parts, whose weights are 
Wi and wj. Let the velocity of the first part after 
explosion be less than the original velocity by Vi, then 
the velocity of the second part will be greater than the 
original velocity by v%^ such that 
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The momentum produced in one direction by the 
explosion will retard the motion of Wi, and that pro- 
duced in the opposite direction will be equal to the 
former, and will increase the velocity of w,. The sum 
of the momenta of the two parts will thus be the same 
before the explosion as after it. This we might have 
concluded also from the First Law of Motion, since by 
that law a body cannot of itself alter its momentum. 

These are illustrations of a law which is known as 
Newton's Third Law of Motion. To every action there 
is always an equal and contrary reaction. 

The momentum produced in any direction by the 
mutual action of two bodies being called action, the 
momentum produced at the same time in the opposite 
direction is termed reaction. 

This principle was assumed in the case of statical 
forces in § 7, and also in § 15, p. 8, and § 34, p. 178, 
where the tension in a cord at rest or in motion was 
supposed to be the same at every point. 



Exercises on Newton's Thied Law. 

1. A body A of weight 10 lbs. strikes a body B at rest, and 
weighing 100 lbs., with a velocity of 100 ft. per second ; find the 
velocity of B supposing A to be brought to rest by the impact. 

2. Two bodies, whose weights are 6 lbs. and 10 lbs., and whose 
velocities are 50 ft. and 20 ft. per second respectively, approach, 
and after impact move on together ; find the common velociiy. 

3. Three balls, weighing respectively 5 lbs., 7 lbs., and 8 lbs., 
lie in the same straight line. The first is made to impinge on 

the second with a velocity of 60 ft. "^ei aeooTi^'m^.^iout rebounding. 
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The first and second together impinge in the same way on the 
third; find the final velocity. — Ans. 15 ft. 

4. A gun weighing 5 tons is charged with a shot weighing 
28 lbs. ; if the gun be free to move, with what velocity will it 
recoil when the ball leaves it with a velocity of 100 ft. per 
second ? — Ans. '25 ft. 

5. Two wooden balls weighing 12 oz. and 16 oz. are made to 
impinge on one another. One of the balls is fdmished with a 
spike to prevent the rebonnd. If the velocity of the smaller be 
12 ft. per second, what must that of the larger be that the motion 
may be destroyed by the impact ? 

6. A shell at rest bursts into two parts, the smaller of which 
IS one-third of the v^hole ; what will be the ratio of the initial 
velocities of the parts ? 

7. A shell moving with a velocity of 50 ft. per second bursts 
in the line of its motion into two parts, which weigh respectively 
30 lbs. and 62 lbs. The velocity of the larger piece is increased 
in the direction of motion by 30 ft. per second ; what is the 
velocity of the smaller? — Ans, 12 ft. in a direction opposite to 
the direction of motion immediately before the explosion. 

8. Two bodies subjected to their mutual attraction, and to no 
other forces, start from rest. If their masses are as 5 to 2, and 
the acceleration of the larger is 40 ft. per second, find the acce- 
leration of the smaller. 



tBK rLT-WHEBL. 



Tlie Xlf-wlieeL 



49. Tha fly-wheel is an important contriTance for 
accnmnlating and equalising force. (Fig. 136.) It 
frequently happens that the work of a steam engine 




Fig. ISG. 

is only wanted at certain interralB, and it is always 

the case that the force exerted by the piston is alter- 
nately stronger and weaker, and vanishes altogether at 
certain parts of the revolution. The momentum gene- 
rated in the immense mass which forms the fly-wheel 
when the force is strongest, or when the resistance is 
weakest, carries the machinery past the points where 
&e force is weakest or resistance strongest, and reduces 
ibe variations of speed within -nKtro^ \\m\'i.%. 
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Work. 

50. The working power or efficacy of a machine or 
other agent is estimated by comparing it with the work 
required to raise a certain weight a certain height. 
The unit of work is the work expended in moving a 
weight of 1 lb. through a space of 1 foot. This unit 
is sometimes termed the foot-pound. The working 
power of a machine is measured by the number of 
units of work yielded in a given time. If, for example, 
the work is equivalent to the moving of a weight w 
through a space s, the work expended = ws. 

Suppose the weight w to fall from a height s, there is 
accumulated in it ws units of work. Now if t; be the 

velocity at the end of the fall v* = 2gs or s = - 

n 

w 

— hence the work accumulated is --- i;*. Whenever a 

body of weight w is moving with velocity v, there will 

W 

be accumulated in it .^-v* units of work ; for the num- 

ber of units accumulated is independent of the direction 
of the velocity, and if we suppose the body moving 
vertically upwards, it would ascend to a height 

s := --, and must, therefore, have accumulated in it 

WV» 

w s or — — units of work. 

Example, A train is movmg «A. VJcl^ t^X^ ^"^ ^^ ^- 
per second when the steam is cut, oS, \i \3si^ ixv^^^^^*^ 
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^^ of the weighty find how long and how far the 

train will move. 

WV* 450W 
The number ofunitsofwork accumulated is -^r — = 

^9 9 

Let X be the number of feet required, then 

W 450 W 



X 



300 ■" g 



, 135000 ..^^^^ 

and X = = 4218 ft. 

9 
The retarding force due to friction = ^^ ; hence, since 

30 X 300 „^, , 
V =ft, t = = 281^ sees. 



EXEBCISES. 

1. A shot weigliing 30 lbs. is fired &om a gun weighing 3 tons, 
and leaves the gnn with a velocity of 1,500 fb. per second ; find 
the velocity of the gnn's recoiL — Ans. 6*7 ft. 

2. If a ball weighing 4 lbs. be thrown on a horizontal plane 
with a velocity of 100 ft. per second, and the friction between the 
ball and plane be -Jrd the weight ; find the distance to which the 
ball will go. — Ans. 46*6 ft. nearly. 

3. If a man were laid on a perfectly smooth table, how might 
he get off ? 

4. A weight W of 12 lbs. on a rongh table is attached to a 
thread which passes over the edge of the table, and sustains a 
weight of 3 lbs. ; when the latter has descended through 5 ft. the 
thread breaks^ and W moves through 4 ft. more and comes to 
rest ; what is the coefficient of friction ? — Ans. J. 
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Energy. 



51. Energy is a term used to denote the power of a 
machine or moving body to do work against some force. 
Energy is of two kinds, actual (also called kinetic) 
and potential. The actual energy of a moving body at 
any instant is the amount of work it is capable of doing 
at that instant ; hence, if v be the velocity of the body, 

its actual energy is measured by the product — — or 

M V 

. The actual energy of a moving body varies 

therefore as the square of the velocity. 

When a body is thrown vertically upwards, as it 
rises its actual energy diminishes, and when the body 
reaches the highest point of its course its actual 
energy is spent. The body is not, however, in the 
same condition as at starting. If free to fall to its 
first position, it will acquire an actual energy exactly 
equal to that which has been expended in raising it. 
Thus the energy that was given to it has not been 
lost, but has been converted into an advantage of 
position. This advantage has been aptly termed 
Potential Energy/ (possible energy). 

For instance, if a body weighing 1 lb. be projected 
with a velocity which would carry it vertically to a 
height of 100 feet, when it starts there will be 100 units 
of work in it ; when it has passed through 60 feet 
there will be only 40 units of work accumulated in it. 
But the body being GO feet higher than before^ v(v\L 
have gained an advantage oi ]^os^\AO\i^\^^x'5a««^'^^^'^ 
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60 units ; thus 60 units of actual energy have been 
changed to potential energy, and at any instant of its 
flight its actual energy + its potential energy will be 
equal to the whole energy with which it started. 

A force may be expended either in accumulating 
energy actual or potential, or in overcoming resistances 
to the motion of the body on which it acts. For 
instance, a horizontal force drawing a body along a 
smooth horizontal plane is spent in accumulating 
actual energy; a force pulling a body vertically 
upwards with accelerated velocity produces at the same 
time actual and potential energy ; a force moving a 
body with uniform speed on a rough horizontal surface 
is spent in overcoming friction ; and a force drawing a 
body up a rough inclined plane with accelerated velocity 
is expended in producing all the three effects together. 

The following is the law connecting the energy 
acquired by a body in a given time and the forces 
acting on the body. 

If a system of forces he applied to a machine or to a 
system of bodies, the work done hy the forces will he 
exactly equal to the energy actual and potential gained 
hy the machine supposing that there are no resistances, 
hut if friction or other resistances have to he overcome 
then the work done hy the forces = the actual energy 
-f- the potential energy gained + the work done in 
overcoming friction. 

This important law was given by Newton in Lis 
comments on his Third Law of Motion. 



that the accumulated work is ^ or ^ M V^. . In 
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Belation betiveen Force and Work, 

In § 45 it has been shown that the accumulated force 
of a moving body is measured by the product M V, that 
is to say, by its momentum ; and in § 50 it was shown 

2g 

the present chapter we have to consider when the eflfect 
of a moving body is to be measured by its momentum 
and when by its energy. The nature of the question 
will be better understood from the following historical 
sketch. 

Huyghens, Wallis, Wren, and Newton, by the con- 
sideration of the collision of bodies proved that the 
force of a moving body is measured by the product of 
the mass and the velocity. The first three writers 
produced papers on the subject in answer to a recom- 
mendation of the Royal Society in 1668, and Newton 
published the results of his investigations in 1687, in 
which year his Principia appeared. In the following 
year Liebnitz published in the Leipsic Journal "the 
demonstration of a great error, commenced by Des- 
cartes and others in estimating the force of moving 
bodies." In this article it was stated that the force of 
a moving body did not vary as the velocity, but as the 
square of the velocity. In the extensive discussion 
which followed the publication of this paper, English 
mathematicians maintained that the force of a body of 
mass m and velocity v is proportional to mv, since, 
when two bodies meet having these products eci^"Si.V 
their motion is destroyed. TVv^ IXi^\\i^\xi^^C^a\«»-^ ^*^ 
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Germany, Italj, and Holland, and some of those of 
France, held that the force of a moving body is mea- 
sured hj mv^.* Both sides, however, always resolved 
the same problems in the same way, and arrived at the 
same results. In 1743 D^Alembert showed that both 
views were true, but that the term force was used with 
different significations, the one referring to time and 
the other to space. When a body is moving upwards 
against the force of the earth's attraction, the time 
during which it will rise is proportional to the velocity, 
but the space through which it will rise is proportional 
to the square of the velocity. (See page 160.) If a 
force be estimated by the time during which it will 
overcome a given resistance, it is proportional to r, but 
if by the space through which the resistance will be 
overcome then it is proportional to t^. To avoid con- 
fusion it will be convenient to restrict the term force to 
the first of these meanings, using the term energy for the 
second, so that the force of a moving body will bo 
measured by the time during which it will overcome a 
unit of resistance, and the energy of a moving body will 
be measured by the space through which it will over- 
come a unit of resistance. 

W 

The force of a moving body = M V or — V 

MV3 WV3 
The energy „ „ = -j- or -— - 

A question how long is therefore one of momentum ; 
.1 question how far is one of energy. 

* The unit oi mass being lia\£ t\ia\. uae^ m NiJaa Y^^^sadva^ ^ages. 



EXAMPLES. 213 

Uxample /.— A body of mass m moves with a velo- 
city of V feet per second, and is retarded by a constant 
pressure p ; how long will it move ? 

P acting on a mass M produces an accelera- 
tion = r— ; 
M 

hence from the equation v = V — ft when v = o, 

we have o = V :r^ 

M 

MV 
.*. t = 



or t = 



P 

momentum 
pressure 



Example 2, — A body of mass m moves with a velo- 
city of V feet per second, and is retarded by a constant 
pressure p; how far will it move ? 

The equation for the space is 

v* = V3 — 2/5 

where/= ^ 

hence, when c = o, we have 

M 

_ MV2 

energy 
pressure 



or« = 



^Example 8, — A body moves on a rough horizontal 
surface, with velocity of 50 ft. pw ^^^lOtA^^Jaa ^^<85&sass«iv. 
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of friction being ^; how long and how far will it 
move? 

momentum W-V W 50 X 8 ,., 

t = = : = — -- — = 12* sees. 

resistance g S o3 

S _ ^^!f9 = ^^H^Y = !22^ = 312-5 ft. 
resistance ^^g S 64 

. Example 4, — A train moves up an incline rising 1 in 

240 with a speed of 30 miles an hour ; supposing the 

resistances to be equivalent to one-thirtieth of the 

weight, find the space over which it will move after 

the steam is shut ofif. 

The accumulated energy = -^ — where V = 44 ft. 

Let X =^= the space over which the train will 
move, then the work expended in overcoming the 

resistances = --r~» 

and the work expended in lifting the train through a 
.... a: , W'o: 

^''^^' = 240 ^^ 24U- 

64 30 ■*" 240 

. • . a= 806§ feet. 

Hxample 5. — A body of weight w falls down a rough 
plane inclined at an; angle a to the horizon ; if the 
coeflficient of friction be /n, find the space passed over 
in t seconds. 

The pressure on the plane = W • -; — r., or W cos a 

length 

. •. Mction = /A w cos a ; the pressure exerted down 
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the plane by the body = w sin a, and the "wholo 
force down the plane = w sin a — /xw cos a. 
This pressure acting on a weight w gives an accelera- 
tion == g (sin a — /x cos a). 
Hence the equations 

v^=ft and 8 = \ft^ 
become v = g (sin o — /i cos a) t 
s = ^g (sin a . — fi cos a) t\ 
Example 6, — In the last example if after t seconds 
the body commences to ran up a corresponding incline, 
find how far it will rise. 

The velocity after t seconds = g (sin a — /x cos a) i^, 

, . , W-fl^(sina-ucosa)'i^ 
hence the accumulated energy = — ^^— ^ ^ 

Work done over friction = /a w cos a'x. 
Work done in lifting the weight = wa? sin a. 
•*• •^w^(sino — /x cos a) '/^ = /AW cos a '^4- Wirsino. 

g i^ (sin a — /x cos a)* 
2 (sin a -\- fx cos «; 



EXEBCISES. 

1. How foi' would a weight of 50 lbs. move against a constant 
resistance of 3 lbs. supposing it to starb with a velocity of 120 ft. 
f er second ? 

2. How long will a weight of 100 lbs. move against a resis- 
tance of 10 lbs. supposing it to start witli a velocity of 20 fb. per 
second ? 

3. A railway carriage is running up an incline which rises one 
in sixty at a speed of 20 miles an hour ; supposing the friction to 
be one-eightieth of the weight, find how far it will ascend the 
incline, and what will be its speed when it da^^^rs^^ ^^jfis^. \ft 
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tlie starting point. — Ans, Height 460|i fb. ; speed |i*>/7 ft. per 
sec. OP 20 -5-^7 (= 7*56) miles per hour. 

4. A weight of 400 lbs. moving on a smooth horizontal 
surface has a string attached to it which passes over a pnlley and 
hangs verticallj. If a weight of 10 lbs. is fastened to the cord 
when the larger weight has a velocity of 12 feet per second, how 
&r will this weight move before it is brought to rest P — Ans. 
90 feet. 

5. In the above example what weight must be hnng from the 
cord that the weight of 400 lbs. may be brought to rest in a 
space of 6 feet ? — Ans. 150 lbs. 

6. A certain engine if not attached to a train could get up a 
speed of 60 miles an hour in 5 sees. ; how long would it take to 
get up a speed of 40 miles an hour when attached to a train 
of twice its own weight? The coefficient of friction is |, Hie 
acceleration of gravity 82 feet per second, and all resistances 
except friction are to be neglected. — Ans, 10 seconds* 

7« Two bodies weighing one and two pounds respectively, are 
connected by an inelastic string 4 feet in length which passes 
over a smooth pulley; the two bodies are lifted up to the 
pulley, and let fall simultaneously ; find the time that will elapse 
before the one pound weight returns to the pulley, the acceleration 
of gravity being 32 feet per second. — Ans. 4 —^ g = '707 sees. 

8. A force capable of doing 83,000 foot-pounds of work in one 
minute is termed a horse-power. Find the horse-power of an 
engine which will maintain a speed of 20 miles an hour with a 
train weighing 80 tons, the friction being 10 lbs* per t<»i. — 
Ans, 42J. 
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Vn.— IMPACT. 

Direct Impact. 

Suppose a body a to impinge directly on a body 
B, it is a matter of observation that after impact they 
will be separated, a moving slower than before and d 
quicker ; a will have lost momentum and b will have 
gained momentum. Now momenta lost and gained 
are what are termed in Newton's law (§ 35) action and 
reaction, and these he ascertained by numerous experi- 
ments to be equal. Hence the momentum lost during 
impact by one body is equal to that gained by the 
other. 

The nature of the action during impact may be thus 
described. When a overtakes b, so long as a moves 
faster than b, the surfaces will be compressed, and the 
compression will cease when the velocities are rendered 
equal ; if the action stops then, the bodies are said to be 
inelastic. Let v^ and V2 be the velocities of a and b 
before impact, and v their common velocity after 
impact. 

The momentum lost by a = Ari — a v, 

the momentum gained by b = b v — b Vj ; 

therefore a Vi — a v = b v — b rj ; 

Avi + Br a 

and V = — -r ^T — 

A + B 

If the velocities be not in the same direction one must 
be considered negative. 

Generally, however, another fot^ift comK^ Voi^ ^«^ 
when the velocities are equal, au^i \)£i^ \iQ^«a.\i^^^ ^ 
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that instant to recover their figure and to exert one 
upon the other a pressure which lasts until impact 
ceases. Thus a not only loses momentum during 
compression, but also during expansion. Let m^ be 
the momentum lost by a and gained by b during com- 
pression, and M3 that lost by A and gained by b during 
expansion, it is found by experiment that the ratio 

— is constant for the same materials. This ratio, 

Ml 

usually denoted by e, is termed the modulus of 

elasticity. 

A body is inelastic when e = 0; 

perfectly elastic when « = 1 ; 

imperfectly elastic when e is between and 1. 

Suppose now a and b to be the masses of the two 

clastic bodies. 

Let Vi V2 be the velocities before impact 

Vi Va „ „ after „ 

We have already seen that the velocity at the end of 

compression is 

Avi + Bv^ 

A + B • 

and therefore the momentum lost by a up to that 

instant 

. Ai^i + Bt?2 ABfa — Va) 

== Av, - A • ^ ^ j3 - A + 13 

Therefore the momentum lost during expansion 

AB (vi — V2) 

= e • ^^ 

A + B 

The whole momentum lost by a and gained by b is 

(1 + e) ' A'B- (^1 — ^a) 

A -V B 
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But the momentum lost by a is 

Ara — A Vi 
and that gained by b is 

BVs — Bvj. 

(1 + e)'A''B'(vi — I'a) 



Hence Ari — AVi = 
and BVa — Bv^ = 

or Vi = Vi — 

Y, = ra + 



A + B 
(1 + e) • A'B' (vi — Vg) 

A + B 
B • (1 + e)-(vi — V2) 

A + B 

A ' (1 + e)'( v i — v^) 

A + B 



Oblique Impact. 

52. When the direction of motion is not in the lino 
of centres, the impact is said to be oblique. In such 
cases we may resolve Vi and V2 into velocities Vi Vi', 
and V2 V2', respectively, along and perpendicular to the 
line of centres, then i?i" and iV will remain unchanged 
by the impact, and Vi vi will be changed into \i and 
Va', as if the impact had been direct and the velocities 
v{ Vg '. The resultant velocities may now be found by 
compounding v^' and v/, and v^' and Vg'. 

Example. An imperfectly elastic body impinges 
obliquely on a smooth fixed plane, determine the motion 
after impact. 

Let the velocity before be r, and the velocity after 
impact z/. Let the direction before impact make an 
angle a with the normal to the plane, and the direction 
after impact an angle j3. Resolve thes.^ ^'^oraiMssa* 
in directions parallel and pergen^vcxiX^bX \.o *Oaa ^« 
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The components of v are v sin a and v cos a, and 
those of t/ are v' sin /3 and t/ cos jS. The reaction of 
the plane does not afifect the Telocity parallel with it, 
hence v sin a = t/ sin /3. (i.) 

Let m = the mass of the body, and let h = the 
momentum lost by the body during compression in the 
direction of the normal. Since the plane is fixed, the 
momentum of the body in this direction at the end of 
compression is zero, and therefore 

m V cos a — M = o 
Let e = the modulus of elasticity, then the momen- 
tum generated during restitution 

=r — eM = — emv cos a. 
But this we have already seen to be 

m X v' cos /3 
thus t/ cos /3 = — cr cos a (ii.) 

By dividing i. by ii. we obtain 

cot /3 = — e cot a (iii.) 

which determines the direction after impact. 
By squaring i. and ii., and adding, we have 
1?" = t;« (sin *a + e* cos 'a) 
which determines the magnitude of the velocity. 

Exercises. 

1. An inelastic body moving with velocity v impinges on an- 
other of twice its mass at rest; find the velocity after impact. — 

Ans, i V, 

2. The weights of A and B are 6 lbs. and 10 lbs., and they 
move in the same direction with velocities of 8 ft. and 6 ft. per 
second ; reqnired their velocities after impact, 1st, When the 
bodies are inelastic; 2nd, When they are perfectly elastic; 3rd, 

When the force of elasticity is V^^i iovi© oi ^iom^reaaion. — Ans. 
ri) 6-75 ft.; (2) 5-5 and 7'5 ft.-, 1?^ ^'^^ «aa.n «t. 
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8. A and B weigh 12 lbs. and 7 lbs. respectiyely, and move in 
the same direction with velocities of 8 ft. and 5 ft. in a second ; 
find the common velocity after impact ; also the velocity lost by 
A, and that gained by B respectively. — Ans. 6|^ J, 1-^, lyj. 

4. A and B are perfectly elastic, and A, with a velocity of 20 fb. 
per second, strikes B at rest ; find their velocities after impact, 
1st, When A = B ; 2nd, When A = 4iB.—Ans. and 20 ft. ; 
12 and 32 fb. 

5. The weights of A and B are 3 lbs. and 5 lbs. and their 
velocities are 7 ft. and 9 fb. per second, in opposite directions ; 
required their velocities after impact, in the same cases as in the 
first example.— ^»s. (1) — 3 ft.j (2) — 13 and + 3 ft.; (3) 
— 6-33 and — 1 ft. 

6. A, moving with a velocity of 11 ft., impinges upon B, 
moving in the opposite direction with a velocity of 5 ft., and by 
the collision A loses one-third of its momentam : what are tho 
relative magnitudes of A and B ? — Ans. 37, 11. 

7. A, weighing 8 lbs., impinges upon B, weighing 5 lbs., and 
moving in A's direction with a velocity of 9 ft. in 1 second; by 
collision, B's velocity is trebled; what was A's velocity before 
impact ? — Ans. 38 j ft. 

8. A is equal to 3B, and impinges upon B at rest ; A's velocity 
after impact is f rds of its velocity before impact ; required the 
value of Cj which measures the elasticity. — Ans. -J. 

9. Find the elasticity of two bodies, A and B, and their pro- 
portion to each other ; so that, when A impinges upon B at rest, 
A may remain at rest after impact, and B move on with ^th of 
A's velocity before impact. — Ans, e = J ; B = 6A. 

10. At what angle must a body, whose elasticity is |, be 
incident on a plane, that the angle between the directions before 
and after impact may be a right angle ? — Ans, 30^ 
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53. When a body acle 
fixed point is projected i 
through that point, it will w 
plane; and t/ie radius fror 
proportional to the times. 



I on by forces tending to a 
1 any direction not paasinff 
n-e in a curve situated in one 
the point will describe areas 




Let A be tho point, of projec- 
tion, and let AB = the Telocity 
of projection (Fig. 137). Then, 
if no force were to act on the 
body in one unit oftimelt voulil 
pass through a b, and in the 
next throngh an eqnal space 
B/in the same straight line. 
Suppoeo that the central force 
acting alone would carry the 
body through a space b h 
towards the centre s in a unit of 
time. When the body anires 
'°' at B Boppose it to receive a 

Huddcn impulse towards s, which, acting alone, woald 
carry it through n fi in a unit of time. Complete the 
parallelogram Bfch and join sc, ef, then c will be the 
position of tho body when it moves for a nnit of time, 
nnder tho action of the original velocity and the impul~ 
sive force. Since c/is parallel to b n, 

Abcd = £ls/d = Abba. 

In like manner if c j = tho Telocity at c, and c i- = 

the space which would be passed through in a unit of 

time if the attracting force acted alone, tho body will 

move to D in the next iwiit ot lime, s.ui'Cac 

^ SDC = £i, age ■= ^ ^^^ = ^ **(-. 
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Suppose the unit of time to be diminished (and there- 
fore the number of units increased) indefinitely, the 
areas described in these units will still be equal to one 
another. Also the polygon a b o d will become a curve, 
and the attracting force will be continuous. 

The radii will describe equal areas in equal times, 
and therefore in different times the areas will be pro- 
portional to the times. 

54. i/* a hodrj move in a plain curve ^ so that the radius 
drawn to a fixed point describes areas proportional to 
the time, it is acted on hy a central force tending to that 
point. 

Let B, c, D be points on the curve, and s the fixed 
point. Let a line a b be drawn in the direction of the 
velocity at b, and take a b, b/ equal to the lengths 
which would be described by the body in successive 
units of time with the velocity at b if no forces acted on 
it. Then a b = b/ and a a b s = a/b s. 

Now imagine the body to be deflected from the 
straight line n/by an impulsive force at b, which would 
carry it, in the given unit of time, to a point c, such 
that AcBS = AAB8. By the parallelogram of velo- 
cities, /c must be parallel to the direction of this 
impulse. But since the triangles sob, b/b on the 
same base are equal, therefore /o is parallel to b s ; 
hence the impulse must tend towards s. Similarly, if 
the body be made to describe the polygonal path bod 
by impulses at c, d, &c., all the impulses must tend 
towards s. 

If the number of sides be increased indefinitely, and 
the length of each diminished, the "^oVj^^^v ^^ ^^- 
incidc with the curve, and ttie ame% olVxck^^^'s.^"^'^^^'^'^^^ 
a continuous force which tends «A.YJ«ii^^ ^ ^^ ^oji^^^- 
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55. The velocity at any point d is inversely as the 
perpendicular s y drawn from s to the tangent d y. 

Let V = the velocity at d, < = the time of describ- 
ing G D, A = the area described in a unit of time, p = 
the perpendicular s y. 

Then oj>^= vt^ £^&j>o=^\vtxp\ and also, 

^ 8 D G = A £. 
.*. At = ^ ^^Pf 

and V = — . 
P 

In this equation a is constant, and consequently the 

velocity varies inversely as the perpendicular on the 

tangent. 

56. That the path may be a circle, of which s is the 
centre, the velocity must be constant ; for in this case 
p = the radius, and is constant. 

57. From astronomical observations, it appears that 
all the primary planets describe ellipses, having the 
sun in their common focus, and that the radii describe 
areas proportional to the times (Kepler's Second Law). 
It follows, therefore, that the primary planets are con-- 
stantly acted on by forces tending towards the sun, 

58. If a body describe an ellipse under the action of 
a force tending to the focus, the intensity of the force 
varies inversely as the square of the distance. 

Let a B D be the path, and let d be the position of 
the body at a given instant (Fig. 137). 

Suppose a circle described through the point d, and 
through two other points near to it When these 
points are indefinitely neat lo !>, ^i\xa otO^^ \a ^-aJ^^^ Va. 
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geometry the circle of curvaturey and for an indefinitely 
small arc coincides with the curve ; hence the curve 
and the circle have the same tangent and normal at d. * 
Let p = the radius of curvature, let v == the 
velocity, and / the normal acceleration at d, then 

9 
Let F he the acceleration along d s, and let ^ he the 

angle between ds and the normal at d. Eesolve f 

along the tangent and normal, and equate the latter 

component to / 

.*. F cos =/= — 

Now let s Y = p, and s d = r^ 

*1^®^ ^r^ = - = cos 
IS JD r 

also V = — 

P 



* We shall have occasion to use the following geometrical 
facts, which the student will find demonstrated in any work on 
Conic Sections. They most be remembered here as properties 
of the cnrves described. 

In an ellipse — 

1. The perpendicular on the tangent &om the focns = b / -r 

n h 

2. The perpendicular on the tangent from the centre =- 



3. The radius of curvatures-^ — ^ 

ab 



^rr^ 



These forms are precisely the same for a hyperbola. 

In a parabola, of which 4r a is the latus reotuxsv^ 'b "=- *4 ^"^ 



='4:j 
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Sabstituting for v and cos in the above equation, 
we have 

PP 
This equation is true, whatever may be the character 

of the curve described. 

Let the curve be an ellipse, of which a and h are the 
major and minor semi-diameters, and let s d «= r and 
the distance of d from the other focus = r'. 

Then it is proved in analytical geometry that 



" - 'Ji 



and o = 



V r' '^ ah 

By substituting these values of 'p and p, in the 
general equation, we obtain 

It is usual to write /* for the constant part of this 

4 a A^ 
term ; thus — let /i = — 75— then 

or i vanes as -; 

r* 

59. From this proposition it follows that the 
attracting forces which make the planets describe 
ellipses having the sun in their common focus (Kep- 
ler's First Law) are inversely as the squares of the 
distances of the planets from the sun. 

60. A body describes an ellipse under the action of a 
central force in a focus ; to find the time of one revolution. 

Let A = the area described \rj t\k& T«.diM^ in. a unit 
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of time, and let t => the time of one revolntion, then 

_ area of ellipse 
A 
Bat the area of an ellipse «= 9ra5, and since 

^ = 1±^\.. A = |yj;hence 

T nh '^ /f" ^^'** 

2v a v^/x 

61. Deductions from Kepler* s Third Law, 

If we consider the motion of two planets about the 
sun, the periodic times of which are respectively t and 
t', we have 

a* a" 

therefore P : T^ : : -■ : -7 

Now, it is a matter of observation, embodied in 
what is known as Kepler's Third Law, that the 
squares of the periodic times are proportional to 
the cubes of the semi-major axes of the orbits, or that 
T* : t" : : a' : a'*. On comparing this proportion 
with the above, we see that fi = /x'. Hence the con- 
stant denoted by ^ is the same for all the planets, and 
the attracting force of the sun does not depend on the 
mass of the planet attracted, but simply on its distance 
from the sun. 

62. If the path of a body he an ellipse^ and the 
centre of force he the centre^ then f varies directly as the 
distance. 

The perpendicular from the centre ot^ AjftaXajsiJ^Ks^^}^ 
any point in the ellipse, diataut r t» it^m SJaaV^^^s* 
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ah 



prored in analytical geometry to be 
When sobetitoted in the genend equation 

F =» — = — this gives 

4A«r 
F = 

in which r is the only variable. 

63. We may show in like manner that if the path 

be a parabola and force in the focos F a -j by snbsti- 

tating in the general equation p >» 2 a f - j and 

|> — is/ cr. 

The values of p and p in the case of a hyperbola 
take the same form as in the ellipse ; hence in this case 

also Fa - 
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LONDON UNIVERSITY EXAMINATION 

PAPEES. 



FiEST B.Sc. 1870. 

1« The extremities of the horizontal diameter of a oiroalar 
disc, weighing 6 oxmoes, are nailed against a wall, and to a point 
in the edge of the disc at l-12th of the whole drcomferenoe; from 
one of the nails, a weight of 4 oxmces is attached. Find the 
pressure npon each naiL — Ans, 5 +>/3, and 5 — <y3. 

2. A trapezium, having two pdrallel sides, which are 4 and 12 
feet long, and the other sides each eqnal to 5 feet, is placed with 
its plane vertical, and with its shortest side on an inclined plane. 
Find the relation between the height and base of the plane when 
the trapezium is on the point of falling over. — Ans, 8 : ?• 

8. State the Third Law of Motion. Show from your statement of 

it, how to find the tension of the string and the acceleration, when 

one ball is drawn up an inclined plane by another which hangs 

by a string passing over a fixed pulley at the top of the plane. — 

Ans. Let W and P be the weights, h and I the height and length 

of the plane, /the acceleration, and T the tension. 

T h 

From thq motion ofW, /=5r=- — jr-. 

W t 

T 

From the motion of P, / = jr — g — 

By Kewton*s Third Law ($ 48), the values of T in these 
equations are equal. 

•• ^ ^ 1{F + W) * J ^ l(P+W)* 
4. Equal spherical inelastic bodies are placed at short equal 
intervals, in a smooth horizontal groove. The first is projected 
from the end along the groove with a velocity of 20 fe«fc^T ^fcR^Kso^ 
Find the velocities after BuccesaWe Vmi^gac^A. — Aj^a.'V^*'^^'^*'^'*^*'^' 
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1864 to 1869. 
FiBST B.So. 

1. Explain how a force may be represented by a Btraiglit line. 
Enunciate the Parallelogram of Forces. Assuming its truth 

for the direction, prove the proposition for the magnitude of the 
resultant. ($ 23.) 

If any three forces be given, can they always be applied at a 
point so as to balance each other ? 

2. Define the Centre of Gravity of a system of bodies. 

Find the centre of gravity of a triangle. K a heavy point, 
whose weight is equal to that of the triangle, be placed at one 
angular point of the triangle, find the centre of gravity of the 
system. ($ 57.) 

8. Enxmciate the Third Law of Motion, and explain how &r 
its truth is founded on experiment. 

Define Telocity and Moving Force. 

4. If a particle moving in a straight line with uniform accele- 
ration / start with an initial velocity Y, prove that the space 
passed over in any time tiss = Yt+4/<*. 

If/ be negative, determine how far the particle will move be- 
fore it comes to rest. (p. 147.) 

5. Show that all the elements of forces may be represented by 
straight lines ; and enunciate the Parallelogram of Forces. ($ 14.) 

Two forces whose magnitudes are as 8 to 4 act on a point in 
directions at right angles, and produce a resultant of 2 lbs. ; find 
the forces. — Atis, 1*2 and 1*6 lbs. 

6. In a system of pulleys in which the same string passes 
round all the pulleys, and the parts of it between the pulleys are 
parallel, show that there is equilibrium when the power is to the 
weight as unity is to the number of strings at the lower block. 

($87.) 

A man supports a weight equal to half his own weight by such 

a system of pulleys, of which the upper block is attached to the 

ceiling. K there be seven strings at the lower block, find his 

preBBure on the floor on which he staada. — Aus. -^ of his weight. 
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7. Define the centre of gravity of a body ; and show that a 
heavy body has one centre of gravity, and only one. (§$ 65, 42.) 

A square is divided into fonr eqnal squares by straight lines 
drawn parallel to its sides. If one of the four squares be 
removed, find the centre of gravity of the remaining figure. (§ 58.) 

8. When a particle is projected with a given velocity a in a 
direction contrary to that in which a force / acts, find its velocity 
V after describing a given space s. (p. 156.) 

9. Show that if a particle be projected in any direction not 
vertical, and acted on by gravity, it will describe a parabola. 

(p. 167.) 

10. Enunciate the Parallelogram of Forces. Assuming that it 
is true for forces P and Q acting at a certain angle, show that 
it is true for forces P and 2 Q acting at the same angle. 
(§ 22, 3rd.) 

11. In a system of pulleys in which each pulley hangs by a 
separate string, and the strings are parallel, show that there is 
equilibrium when P is to W as 1 is to 2** where n is the number 
of movable pulleys, the weight of each pulley being neglected. 
(Fig. 78.) 

12. If there are three pulleys in such a system, and the weight 
of each is w, show that P — ^f»istoW — ioaslisto8. 

IS. Show how to find the centre of gravity of a body when it 
is made up of two parts and the centre of gravity of each part is 
known. A, B, G are three heavy particles in known positions. 
Having given the centre of gravity of the three particles, find the 
centre of gravity of any two of them. (Fig. 43.) 

14. Determine the motion of a particle projected down a 
smooth inclined plane. 

Show that the times of descent down all ehords of a circle, 
measured from the highest point, are the same. (p. 183.) 

15. Determine the straight line down which a particle must 
move in order to pass in the least time &om a given point to a 
given straight line. (p. 184.) 

16. Derive from the parallelogram of forces the conditions of 
equilibrium of three parallel forces Q.^^\i<^ \ft %siwsaksgpis» ta^v- 
(§ 39.) 
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17. IHnd the ratio between the power and the weight in the 
case of the screw, and state some of the most nsefbl applications 
of this power. (§ 91.) 

18. The two boxes in Attwood's machine ore so adjusted that 

one contains Sj^ oz. and the other 2| oz. How long will the 

heavier take to fall 1ft.? Also what will be the tension of the 

/12 1 
string daring the motion? — Ans, /— or — ^ 6 sees.; ten- 

sion =■ 2\^ oz. 

19. A man in the act of being weighed in a balance of the ordi- 
nary kind, pushes with a walking-stick the beam of the balance 
at a point A between the point of suspension, S, of the scale in 
which he is, and the fulcrum F. What effect, if any, will be 
produced on his apparent weight ? If the scale in which the man 
is be kept &om moving laterally by a horizontal string attached 
to a fixed point, what will be the effect ? 

Solution. — If C be the scale and A the rod, there is a pres- 
sure F at A along C A, and an equal pressure at C along A C. 
Besolve into horizontal and vertical components H V. W is a 
couple having a moment V'SF — V'AF or V*AS tending 
to turn the beam towards C. The component H at A is counter- 
acted by the reaction of F, but H at C tends to push out the 
scale. Thus both components cause C to descend. The hori- 
zontal string would counteract the lower H, but would not affect 
the action of the couple V V. 

20. When there is equilibrium in that system of pulleys in 
which one end of the string passing round each pulley is attached 
to a fixed support, and the system is displaced, show that the 
power is to the weight as the space through which the weight is 
lifted is to the space through which the power is moved, the 
weights of the pulleys being neglected, (p. 117.) 

21. A parallelogram is divided along a diagonal; and one half 

remaining fixed, the other half is lifted, reversed, and applied to 

the former half along the same diagonal. Find the distance 

between the 0. G. of the quadrilateral figure thus formed and of 

the onginal parallelogram. — Aus. 1-^x9^. ot \Xvft ciis^aaafte between 

the centre and the perpendiculaT irom V^ie orgre^^^^ «»s^^, 
22. De£De the mass of a bod^-, ai;i5. ^^^cnlcie, ^«a ^t^j^^^x. 



LONDON UNIVERSITY 233 

wHcli shows the masses of bodies are proportional to their 

weights,' giving folly the steps of the argument, (p. 175.) 

23. An equilateral triangle is placed with one side Tertioal ; 

and two equal masses, connected by a slack inelastic string which 

passes without friction over the upper comer, are allowed to fall 

from the upper angle, the first down the slant side, the second 

down the vertical side. What start in time must be given to the 

first mass that when the string is pulled tight the masses may 

destroy each other's velocity ? — Ans, Since the masses are equal 

the velocities must be equal in order that the momenta may be 

destroyed when the string becomes tight ; hence the two masses 

must then be in the same horizontal line. Let h ^ the vertical, 

and I = the inclined space passed through, then the acceleration 

h 
down h = g, and that down I = g— ; hence the time down 

h = ^1 — , and the time down X — I -—■ . Let L = the 
\ g V gffc 

length of the string — li •\- I; since the angle between % and I 

is 60°, therefore I = 2h. hence 7i = — L. The difference of the 

3 

times is therefore 



>/8s 

24. A uniform equilateral triangle ABC has a sphere of the 
same weight as the triangle attached to it, so that the centre of 
the sphere is at the angular point G of the triangle. If the whole 
be suspended from the middle point of A G, find the inclination 
of the sides of the triangle to the string. — Ans, A G and A B at 
30°, and B G at 90°. 

25. A horse walking by the side of a canal is to draw a boat 
along the canal by means of a horizontal rope attached to the 
boat near the bow. Point out the position in which the rudder 
must be placed in order that the boat may move parallel to the 
bank : and show in a diagram all the forces acting upon the boat 
when in motion. — Ans, Besolve the tension of the cord into two 
parts, one in the direction of the axis of the boat and the otb^ie. 
perpendicular to it. The latter tends to tvrcvi >i5[ift\icrw •ws^^t^^'^s^ 
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land, and this tendency will be coxmteraoted by the pressure on 
the mdder if the mdder be tamed from the land. 

26. To each end of a nnifonn straight rod, A B, 100 inclies long, 
and weighing 12 lbs., is fastened one end of a flexible string 
A C B, 140 inches long, to which a weight of 9 lbs. is a4;tached 
at a point C, 60 inches from one end. In what position will the 
rod remain in eqnilibrinm about a pivot throngh the middle ? 
and where most the pivot be placed in order that the rod may 
be balanced when horizontal? — Ana. The ratio of the sides 
3:4:5 shows that the L C = 90°. Let M be the middle of 
A B, and N the foot of the perpendicular from C. From the 
proportion N A : AC : : A : AB we obtain AN *= 36 ; and 
therefore M N = 14, N C = 48. When M is the point of sus- 
pension M G is vertical, and the rod makes angle A H 0, which 

ON 48 
is determined by the ratio .r=^rr = rrr (tan), with the vertical. 

^ NM 14 ^ '* 

When the rod is horizontal the point of suspension must be the 
centre of the forces, 9 lbs. at N and 12 at M, that is, at a point 
6 inches from M. 

27. A man sitting upon a board suspended from a single 
movable pulley, pulls downwards at one end of a rope which 
passes under the movable pulley and over a pulley fixed to a beam 
overhead, the other end of the rope being fixed to the same 
beam ; what is the smallest proportion of his whole weight with 
which the man must pull in order to raise himself? — Ans, A 
little more than one-third. 

28. With what force would he require to pull upvrards if the 
rope, before coming to his hand, passed under a pulley fixed to 
the ground, as well as round the other two pulleys P — Ans. A 
little more than his own weight. 

29. The last carriage of a railway train gets loose whilst the 
train is running at the rate of 30 miles an hour up an incline of 
1 in 150. Supposing the effect of friction upon the motion of 
the carriage to be equivalent to a uniformly retarding force equal 
to jJtj of the weight of the carriage ; find — (I.) the length of 
time during which tbe carriaige will continue running up the 

inoJine, and (II.) the veloca.^^ m^i3Q. "«\3iOa. *■& -^rJ^ \i^ Toasama^ 
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down after the lapse of twice this interval from, the instant of 
itfl getting loose. — Ans, The acceleration due to friction ($ 32) 

-3 a s — JL . and that due to gravity 

m 300 m 800 ^ ^ 

(§37)--, A ^^ 

Hence their smn is — — 
The equation of motion is 

" = ^-150*' 

bnt when the train stops v = o. 

. *_ ^00^ 
•*• t -~ *- 

9 
Since Y = 30 miles an hour, or 44 ft. per sec., and , =» 82 
.*. t = 137'6 sees. 

In descending the acceleration ss -i- — S^ ass JL 
® 150 800 800 

and the velocity in t sees. <=> 

* X 850 = ^"-^ >< 8T0 - ''•'■ 

30. How is the energy of a moving body estimated ? Through 
what distance mnst a force eqnal to the weight of i lb. act npon 
a mass of 48*3 lbs. in order to increase its velocity from 24 ft. to 
36 ft. per second ?—An8, 1080. 



Second B.A. and Second B.So. 

1. Prove the truth of the Parallelogram of Forces for the 
direction of the resultant. ($ 22.) 
The directions of two forces aoting BiVi «k ^cfo&i ^x^Vsv^ccs^a^ V:^ 
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each other (1) at on angle of 60°, (2) at an angle of 120° ; and the 

respeotiye resultants are in the ratio ^ 7 : >/ 8. Compare the 
magnitades of the forces. — Ans. 2:1. ($95.) 

2. Define the Centre of Gravity of a body or system, and find 
that of three weights placed at the angular points of a triangle, 
(1) when the weights are equal, and (2) when they are unequaL 
($ 58, 43.) 

In either case, i£ hfJc,! be the distances of the weights from 
the opposite sides of the triangle, and a, y, z the respective 
distances from the same sides of the centre of gravity, prove 
that 

!L + 1 + 1=1 

8. Find the relation between the power and the weight when 
there is equilibrium in the system of pulleys in which each hangs 
by a separate string, neglecting the weights of the pulleys. 
($ 86.) 

If the power be drawn downwards at a given rate, at what 
rate will the weight ascend ? (§ 94.) 

4. Explain what is meant by Uniform Acceleration ; and if a 
point move from rest with a constant acceleration/, prove that 
the space described in a time t is ^/t^. ($ 15.) 

A heavy particle is placed on a smooth inclined plane and 
allowed to slide down ; determine its motion, stating the laws of 
motion assumed in the investigation. (§ 37.) 

5. Prove that a heavy particle projected in vacuo in a direction 
not vertical will describe a parabola. (§ 24.) 

A ball is projected in a direction inclined at an angle of 80° to 
the horizon, and with the velocity which it would have acquired 
in falling from rest through a space of 100 yards; find the 
greatest height attained by the ball. — Ans. 75 ft. ($ 26.) 

6. A body describes an orbit round a fixed centre of force ; 
state the relation between the time and the area swept over by 
the radius vector. (§ 53.) 

Will this relation be oSecbed by ssiy sudden change in the law 
of force ? 
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What is the law of force when the orbit is an ellipse and the 
centre of force is at one of the foci ? 

7. Define the resnltant of two forces ; and eiqplain why forces 
may be represented by straight lines. ($ 14.) 

Enunciate the Parallelogram of Forces ; and, assuming it for 
the direction, prove it for the magnitude of the resultant. 
(§ 23.) 

What is the resultant of two equal forces inclined to each other 
at an angle of 120° ? (Fig. 14.) 

8. Find the centre of gravity (1) of the area, (2) of the peri- 
meter of atriiuigle. ($$ 57, 59.) 

Three equal rods are jointed together so as to form an equi- 
lateral triangle ABC. If D, £ be the middle points of the rods 
A B, A 0, prove that the distance between the centres of gravity 
of the portions D A £, E C B D of the rods is jjths of the altitude 
of the triangle. 

9. Describe the construction and action of a screw ; and find 
the relation between the power and the weight when there is 
equilibrium. 

10. Explain how acceleration is measured; and state the 
amount of the acceleration due to the action of gravity. 

11. A heavy body is let fall from rest in vacuo ; how fax does 
it &11 in the first, second, and fifth seconds respectively ? 

12. A body is projected vertically upward with a velocity of 
89 ft. per second ; in what time will it attain a height of 149 fb. P 
— Ans. Never ; the greatest height is 123 ft. 

13. Define a Central Force ; and explain, in general terms, 
how a particle acted upon by a central force describes a curvi- 
linear orbit. 

Of what nature are the orbits described by the planets about 
the sun ? and what is the relation between their periodic times 
and mean distances ? ($ $ 53, 61.) 

14. A B C D is a square ; a force of 1 lb. acts along the side 
A B from A to B ; a force of 1 lb. acts along the side A D &om 
A to D ; and a force of 2 lbs. acts along the side C B from C to 
B ; determine the magnitude and posv^icfn. oi^<& t^vq^s^ssx^c* ^*Q&& 
three foroea. — Ans. .^ 2 at paxa2iVQW>l>'&« 
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15. Define the centre of graTity of a bodj, or a system of bodies. 
Show how to find the position of the oentre of grtmty of a 

system of heavy particles. 

Weights are placed at the comers of a triangle, each weight 
being proportional to the length of the opposite side; show that 
the centre of gravity of the weights is sitoafced at the centre of 
the circle inscribed in the triangle. ($ 59.) 

1 6. Enunciate the First and Second Laws of Motion. 

17. A partide describes a circle nnder the influence of a force 
always tending to the centre of a circle ; show that the velocity 
of the particle is constant ; and find the relation between the 
force, the velocity, and the radins of the circle. ($56 and 17.) 

18. On what experimental &ycia do yon consider statics to be 
founded ? Deduce from these the Parallelogram of Forces. 

19. Three forces act on a point P within a triangle^ and are 
proportional to the distances of P from the angular points, and 
act directly from these points ; find the position of P when those 
forces are in equilibrium. — Ans, The 0. G. of the triangle. 

20. Show that if two forces acting on a lever which can turn 
freely about a fixed point be in equilibrium, the moments of the 
forces about the fixed point are equaL (Two cases : 1st, when 
the forces meet ; 2nd, when paralleL § $ 46, 47.) 

21. Two weights, W and W', are carried on a pole which rests 
on the shoulders of two men, A and B, of equal height. The 
weight W rests at a point C, such that AC : C B : : 8:2; and 
W at a point D, such that AD : D B : : 5 : 2; find the propor- 
tion of the weights borne by the two men. 

Ans. A, 1 W + - W'j B, i W + 1 W. 
5 7 5 7 

22. Define the centre of gravity of a solid body. Find the 
centre of gravity of a uniform triangle. 

A particle whose weight is equal to that of the triangle is 
attached to one of the angular points, and the whole system is 
suspended by a string from a fixed point. To what point of the 
triangle should the string be attached that the triangle may rest 
with ita plane honzontai? — Aus. Midway between the 0. 6. 
and the particle. 
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23. Find the time of descent &om rest down a plane of 
given length inclined at a given angle to the horizon. — Ans. 

t= /_!L 

V y sina 

24. A particle slides from rest down any diameter of a ver- 
tical circle. Show that the velocity acquired in the descent 
varies inversely as the time of descent. (§§ 88, 89.) 

25. A particle is projected in vacuo in a given direction with 
a given velocity. Find the range on a horizontal plane through 
the point of projection. (§ 28.) 

26. Two particles P and Q are projected at the same instant 
from the same point, one with velocity Y at an angle of 60° to 

V 

the horizon, and the other with velocity -j^ at an angle of 30°. 

Will they ever hit each other ? — Ans, The condition that the 
equations y = » tan a — ^ g1^ and y =» » tan a' — igl^ are 
satisfied, for the same value of a, y, and t, is that tan a' = tan a ; 
but this is not the case with the given data. 

27. If the earth be supposed to describe an elliptic orbit of 

eccentricity -rrr> about the sun considered as a point, compare 
60 

the velocities of the earth when nearest to and farthest from the 

sun ; also compare the angular velocities of the earth at the same 

points as seen from the sun. — Ans. ^zr- : ^r- 

59 61 

28. If three forces acting on a particle be represented in mag- 
nitude and way of action by the sides of a triangle taken in order, 
show that they will keep the particle in equilibrium. 

29. Find the C. G. of a cone. From a given cone a oone of 
half the height is cut off by a plane section parallel to the base. 

Find the G. G of the remaining segment. — Ans, r^ h from the 

56 

base. 

30. Find the conditions of equilibrium on the wheel and axle. 
81. Find the time of feilliug from rest down a chord of a <n£<^ 

drawn from the highest point. Find t\ift «^x«A!^^\a^^ <2Jl q5«x^&ss^ 
descent &om a given point to a given -^Aasve. 
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82. A particle moyes under the influenoe of any number of 
forces which are invariable in magnitude and direction. Show 
that the particle most move either in a straight line or in a 
parabola. Find the time in which a projectile reaches its 
greatest height, and the greatest height. (§§ 26, 28.) 

83. When a body moves nnder the action of a central force, the 
areas described by the radins to the centre of force are in one 
plane and are proportional to the times of describing them. 
(§ 53.) 

84. If three forces, acting in one plane on a body, be in eqni- 
librimn, prove that their lines of action are either parallel or 
meet in a point. State also all the other conditions necessary 
for eqnilibriiLm. 

85. A heavy equilateral triangle is placed with its plane 
vertical, and one side resting on a roogh inclined plane ; the co- 
efficient of Motion being 1^3 ; what is the greatest inclination 
of the plane to the horizon that the triangle may neither slide 
down the plane nor roll over an angular point ? — Ana. 60*. 

36. Define the C. Or. of a body. Show that the 0. G. of any 
triangle is the same as that of three equal particles placed one at 
each angular point. ($ 58.) 

87. Define Uniform Acceleration. A particle moves with a 
uniform acceleration /. If V be the velocity at any instant, show 
that the space described in time t after that instant iaYt^\^^f^, 
How is it shown that the acceleration due to gravity is uniform ? 

(§ 15.) 

38. A particle slides down a smooth inclined plane undw the 
action of gravity. If the particle start from rest, find the time 
of describing a given space. 

89. AB is the vertical diameter of a circle whose plane is 
vertical; P Q is a diameter inclined to A B at an angle ; find 9, 
that the time of falling down P Q may be twice that of £EiIling 
down A B. (The formulae are S ^^ ^ p ^ and S » ^ ^ cos $ t'*) 
— Ans. cos = J. 

40. A particle is projected from a given point in vacuo under 
the action of gravity. Etom asvj -pavxAi "P «l taiugent P T ia drawn 
to touch the path in T, and a "^etVatt^JLYcaa 'C ^ \a ^^sa:«:\v\c^ ^^65^ 
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the path in Q. If Y be the Telocity of the particle at T, prove 

that—- 2- (p. 168). 

41. If a particle describe an orbit abont a centre of force, 
prove that the velocity at any point ia inversely proportional to 
the perpendicular &om the centre of force on the tangent at that 
point, a 55.) 

1870. 

1. (a) If three forces in the same plane, bnt not in the same 
right line, acting on a point, are in equilibrium, prove that each 
is proportional to the sine of the angle contained between the 
directions of the other two. (§ 96.) 

03) If three forces acting on a point are not in the same plane, 
prove that they cannot be in equilibrium. ($ 34.) 

2. (a) Determine the ratio between the power and weight for 
equilibrium on the inclined plane. ($ 88.) 

(/8) In a screw -press state what represents the weight, teohni- 
caUy so-called, and the ratio between it and the power. 

3. A triangular slab is supported in the air by means of three 
vertical strings attached to its angular points. Prove that in 
whatever way the weight of the slab is distributed, the tension 
of each string is independent of the position in which the slab is 
held, and that if the weight is distributed uniformly over the 
surface, the tension of each string will be one-third of the weight, 
(f § 43, 58.) 

4. (a) Why is it that we are not conscious of the motion of 
revolution of the earth round the sun, and that we can perform ' 
the common actions of life, such as walking, riding, or carrying 
the food to our mouths, without reference to the direction in 
which the earth may happen to be moving ? (§ 19, p. 154.) 

03) Supposing that the weight of a heavy free piston can be 
just supported by the pressure of steam in a cylinder held in an 
upright position, compare its motion in the cylinder (neglecting 
friction) with that of a stone falling in vojcao — ^^ ^^^Ckjso. H^^ 
cylinder ia brought into a hoTis^oiital, aaaSi VJII^ VoJwi «xi> \sss«^^r^ 
rertioal position; the steam bfflng BT»ppo»ft\ \,o\i^Taafla5^asaiRft 
each case at a nnifonn preBSOxe. ^S ^^ » 1fi« ^^^ *^ 
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The object of tliis Treatise is to simplify the method of 
teaching Chemistry by deferring symbolical notation and 
theoretical considerations until the student has acquired a 
knowledge of the facts which symbols represent and on 
which theories are founded. The rationad nomenclature 
partly used in late works on Chemistry, is systematically 
employed in this book. To familiarise students with 
chemical reactions and their results, questions are appended 
to each chapter, and answers are given to all those which 
require calculation, and which amount to about 300. At 
the end of the second part, where symbols and theories are 
considered, about 60 questions as examples are given, some 
of which are fully worked out. A chapter containing Advice 
to Candidates under examination is added, and the book is 
completed by the matriculation questions on Chemistry, of 
the London University, from January, 1865, to January, 
1869, inclusive. The answers to all questions involving 
calculation are given, and the method of working them 
fully explained. 

This Book is adopted as Text-Book at University College, 

London. 

[For Critical Notices see neat page.} 
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''This Tolnxne is an exoellent introduoiion to the soienoe of 
Chemistry. The arrangement is satisfiiotoTj, the illnstratiTe 
experiments are dearly described, and the explanations of chemical 
changes are Incid. llie work is evidently i^e result of consider- 
able practice in teaching the science of which the author writes." 
— AthenoBwn. 

" Hr. Barff 's ' Introduction ' will be of the greatest value to 
schools, and is a mosc serviceable contribution to chemical litera- 
ture. The modesty and simplicity of its purpose, its freedom from 
theoretical partialities, and (what is not unimportant) its moderate 
price, will ensure it a deserved and hearty oommendation." — 
PhilosopMcal Mcbgazi/M, 

**It is impossible to read this book without a convictioxi of 
its marked superiority. The conciseness and lucidity with 
which each point is handled give to it the freshness of original 
study, and the reader is disposed to regret that in his younger 
days he was possessed of no such handbook on this difficult 
science, with which to quicken his awakening aspirations. Mr. 
Bar£f 's book is a complete success in the art of cGriving away the 
weariness of first attempts." — Hxa/miner a/nd London Review. 

" This is the first volume of an educational series of elementary 
treatises about to be issued for students. The student who knows 
Mr. BarfT's book in the way it is intended to be known will have 
a solid ground-word of chemical knowledge on whidi he may safely 
rear the more speculative branches of the science. For t^ pur- 
poses of dear instruction for preparing for the earlier examina- 
tions, and last, though not least, for cheapness and excellence, we 
heartily recommend Mr. Barff 's work to the notice of students.'* 
— Lcmcet, 

" Mr. Barff has succeeded in the by no means easy task of pre- 
paring a book on a scientific subject in a thoroughly dementary 
manner. It requires that a man should be wdl skilled in his 
subject if he essay to write for a beginner, and the volume before 
us shows its author to be a complete master of his sdence. The 
publishers deserve the highest praise for the ' get up ' of the book 
at a price which makes it tiie cheapest work of the kind obtainable.'* 
— Medical Times and Gfasefte. 
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" The anthor is quite np to the latest practice in a science in 
which there is always something new to be stated/' — FvhUshers^ 
Cireula/r. 

" It is a rare thing to find a scientific book written in a simple 
and scientific manner. Scientific men seem to imagine that their 
work is finished when they have detailed a number of isolated 
fiusts. For educational purposes this is not sufficient; there must 
be connection, logical treatment, parallels must be drawn, and the 
reason and judgment of the student exercised. In the work we 
have before us this object has been attained. Mr. Barff has 
written a good school book. It is an introduction to the science 
of Chemistry, and is calculated to give the student a solid founda- 
tion on which to raise a solid superstructure.*' — Inqmrer, 

" A very lucid exposition of the elementary principles of 
Chemistry. The book is intended principally to assist students 
preparing for their matriculation examinations at the imiversities, 
and may be adopted with advantage as a school book generally, 
supplying in an easy and intelligible form that rudimentary know- 
ledge of chemical science which is now universally considered a 
necessary branch of education.'' — Morning 8ta/r. 

" This manual cannot but prove most useful wherever it is 
introduced." — City Press. 

" It cannot fail to be highly appreciated, not only by aspirants 
to medical honours, but by all students and scholars. The book 
is calculated to ground the student in the elements of chemistry." 
Medical Mirror. 

Deserves praise on the score of deamess." — Standa/rd. 
The student who wishes to gain a sound knowledge of Scien- 
tific Chemistry will find in this book all that he requires. Mr. 
Barff has solved the problem whether Chemistry can be made a 
true means of mental training. His work treats with clearness 
and precision aU those knotty points of his subject which are 
wont to puzzle the young student. Furnished with this work, no 
student need now have any difficulty in obtaining a satisfactory 
acquaintance with the leading principles of the interesting branch 
of science of which they treat." — Unita/rian Herald. 

" The class for whom it is intended will find it one of the best 
guides to a perfect knowledge of the science to be found in the 
English language. The value of using this treatise in preference 
to others wiU be found to be exceedingly great, from the circum- 
stance that it is based upon, and henceforth will form part of, the 
system adopted for examination in the London University. 
Perhaps its greatest merit is that it will teach young men to 
think, and to pursue the study of Chemistry carefully, doselj^ 
and connectedly," — CathoUc Opinion. 
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" It is impossible not to regard it as a most exceptional and 
meritorious performance. The author has from the outset the 
advantage of being intelligible. The writer has achieved a 
decided success. Its plain and forcible style, the directness of 
its teaching, and its large employment of the catechetical method 
would have in any case ensured it a welcome reception. But its 
peculiar value consists in the simple and concrete system on 
which it proceeds." — Naticm, 

" The book is admirably adapted for the purposes for which it 
was written ; the style is simple, and the important reactions are 
referred to so frequently that the student cannot forget them. 
Mr. Bar£f appears to be very praotioal in his ideas. These 
features wiU render the book of great value to medical students, 
to whom we strongly recommend it." — BrUish Medical JowmaX, 

" Mr. Barff 's book may be said to contain all the corrections 
that recent discoveries have necessitated. The aim of the author 
is to lead the student step by step to a thorough and rational 
acquaintance with the secrets of the laboratory. The hints to 
candidates at the end of the book are good, and we heartily 
recommend this book to all students." — Tablet, 

" This is one of the very best books of the kind we have ever 
seen. The lad who could not learn Chemistry with positive 
pleasure through the means of Mr. Barff' s book could not learn 
it at all. The book is admirably suited for schools." — Freema/rCs 
JowmcU. 

" Mr. BarfF's * Chemistry* we have no doubt, will be hailed by 
all whose interest it is to teach chemistry in a scientific manner. 
Experience of the difficulties of teaching is required to write a 
book for learners, and every page of this work bears the mark of 
the teacher's hand. This book, with a course of good lectures, 
will be invaluable to the real student." — The Month. 

" The author has apparently exhausted his subject in this work. 
Nothing has escaped him, and in the end we have a thorough 
mastering of the wonderfcd science, so simply described as to be 
intelligible to every mind anxious and able to learn." — Croydon 
Chronicle, 

" The great change that has taken place in theoretical Chemistry 
has created a necessity for new text-books, and Mr. Barff has ably 
supplied a want urgently felt in all good schools. Certainly, no 
elementary work on Chemistry teaches so much in so sim]^ a 
way." — Stvdent, 
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